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ABSTRACT
We construct an automorphic realization of the minimal representation of
a split, simply laced group G, over a number field. The realization is by a
residue, at a certain point, of an Eisenstein series, induced from the Borel
subgroup. This residue representation is square integrable and defines the
automorphic theta representation. It has “very few” Fourier coefficients,

which turn out to have some extra invariance properties.
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Introduction

In this paper, we are concerned with the construction of an automorphic 6-
module, for a simple, split, simply laced group G, defined over a number field
F. By an automorphic §-module, we mean a global G4-module of the form
T = @m,, where 7 admits a Ga-equivariant embedding into the space of auto-
morphic forms on G4, and there is at least one local component 7, with smallest
Gelfand—Kirillov dimension (i.e. its Gelfand-Kirillov dimension is equal to one
half of the dimension of the coadjoint orbit of highest weight in the Lie alge-
bra). At a finite place v, the unique, class-one, minimal representation (i.e. with
smallest Gelfand-Kirillov dimension) was constructed in [K], [KS] and in [S]. If
v is archimedean, such a representation =, is considered in [V]. In this paper, we
construct an automorphic realization of 6 = @, where each local component
T, is class-one and of smallest Gelfand-Kirillov dimension. As in [K], we expect
that all local components, of an automorphic #-module, are minimal. We prove
two properties of the automorphic theta representation, which manifest its rigid
nature. Let G be of type E;,i = 6,7,8, or of type D,,. Let @ be the maximal
parabolic subgroup, whose Levi part L has semisimple part of type F;_; or D,,_,
respectively. (Here, Es means just Ds.) Let U be the unipotent radical of Q.
(Note that U is abelian except in case Eg, where it is a Heisenberg group.) We
show that the Fourier expansion, of the elements of 8, along U, consists of the
constant term and one more orbit of characters under Lg, namely the orbit of the
character which corresponds to the highest weight vector in LieUg. Denote this
character by xo. In case Fg, we consider the Fourier expansion, along U/Z, of the
constant terms, along Z, of elements of the automorphic 6-representation. (Z is
the center of U.) We get similar results. This is the content of Theorem 5.2. One
more aspect of the rigidity of the automorphic f-representation is the fact that
the yo-Fourier coefficient of an element of # is not only Stabpe(xo)F-invariant,
but also Stabzo(xo)a-invariant. (Theorem 5.4). Here L° = [L, L]. Actually, the
proofs of Theorems 5.2 and 5.4 are valid for any automorphic #-module (i.e. of
the form ®m,, such that at least one component, at a finite place, is the minimal
representation).

In this paper, we realize # as a residue representation of an Eisenstein
series, coming from the Borel subgroup, and we prove that these residues lie
in L2(Gk\Ga) (Section 3). Moreover, 6 has an inductive nature. The constant
term of 6 along U is, when restricted to L, the direct sum of the trivial rep-
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resentation and the f-representation of LS, as realized (automorphically) above.
This is done in Section 2 and Section 3. In Section 6, we consider case D, in
more detail. We prove that the automorphic theta representation appears with
multiplicity one. We conclude from this the equality of the space of theta with
the explicit lift of the trivial representation of SLy(A) to G (G of type Dy),
through the theta series kernel coming from the dual pair (SLg, SOa2.,) inside
Sps,, (rank 2m).

Our main goal in constructing an automorphic # module for G is to obtain a
“theta kernel” which serves to define a lifting of automorphic forms between mem-
bers of dual pairs inside G, and thereby obtain interesting examples of automor-
phic representations. For example, in [GRS], we have carried out such a program
and considered the automorphic theta representation of ég, the three-fold cover
of Ga. (This representation was constructed by Savin in [S1].) We considered
the dual pairs (SL3, Z3) and (SLs, SL2) inside G2. The restriction of 8 to §f13(A)
(three fold cover) decomposes into a direct sum of irreducible automorphic repre-
sentations, which are equivalent, at almost all places, to the theta representation
of SL3 (see [P.PS]). The restriction to the dual pair §sz(A) x SLo(A) (three-fold
cover for the first component) produces a decomposition of the form @ 7 @ 8(w),
with 7 running over the cuspidal representations of §[72(A), and 8(r) being the
so-called cubic lifting of w. In a sequel to this paper we shall give a decomposition
of 6 (of Ga, G simple, split, simply laced) restricted to the dual pairs (Gs, L)
inside G, and determine when a cuspidal representation = of Go(A) lifts (via the
theta kernel) to a cuspidal representation §(n) of L. Here the phenomenon of a
“tower of liftings” takes place exactly as in the classical cases of the symplectic
groups and the orthogonal groups (see [R]), namely 6(r) is cuspidal, if and only
if m has a zero lift, via the theta kernel, to the previous steps in the following two
towers: Eg D E7 D Eg D Dg D Dy or Eg D E; D Dg D Dg D Dy. In particular,
it is possible to obtain a partition of the space of cusp forms on Go(A), which is
determined by an appropriate lifting from G4 to L, or from L to G5. This is the
framework in which the construction of an antomorphic #-module and the study

of its properties are important for us.

1. Notations

(1.1). We start by setting some notations for the exceptional groups of type
E¢, E7 and Eg. We assume that the groups are simply connected (and still denote
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them by E;; moreover, we will use a convenient abuse of terminology and speak
of the group E;, while we really mean a group of type E;}. We will consider
isogeneous groups as well. This will be explicitly mentioned in the text. We shall
label the eight simple roots of Eg, a;, 1 < ¢ < 8 as in [GS].

a1 ag Q4 Qs Qg a7 Qg
0 0 0 0 0 0
0
(¢3)

Given a positive root a, we shall write (ny---ng) for a = Zf=1 n;a; with
n; > 0. For the list of all positive roots, see [GS]. Given a root a = 3_o_, ns04
(positive or negative), Tq OF Zo(T) OF Z(n,...ng)(r) Will denote the one-dimensional
unipotent subgroup corresponding to the root a. Since Fy is a simply laced group,
we have for all roots a and 3

_ [Zayp(N1arim2) a+ B is aroot,
x r . x — b X
[Falra).2p(r2)] { 1 otherwise.

Here Ny o € {£1} and is chosen as in [GS] and [g1,92] = g7 95 9192 where
91,92 € Es.

We shall denote by wg, or w;, 1 < ¢ < 8 the simple reflections in the Weyl
group W (Eg) of Eg, corresponding to the simple roots a;. In short, we shall
write w(iy - -+ iy for wy wy, - w;

m*

To each simple root, there is an embedding of SL; in Eg. Each such embedding
41 ) of SL,.
We shall denote the image of this torus in Eg, corresponding to the simple root
a;, 1 <1 < 8, by hi(t). Thus a general torus element is ]-[?:1 h;i(t;), which we
shall sometimes denote by A{t;,...,1s).

gives a one-dimensional torus in Eg corresponding to the torus

The action of the torus on the roots can be read from the Cartan matrix.
Similarly, one can deduce the action of the Weyl group on the roots.

We shall consider the group E; embedded in the Levi part of the parabolic
subgroup of Fg obtained by deleting the root ag. Similarly for Eg. It is embedded
in the Levi part of the parabolic subgroup of Eg (resp. E;) obtained by deleting
a7 and ag (resp. a7). We note that E; (resp. Es) when regarded, as above, as
a subgroup of Eg (resp. Eg or E7) is still simply connected, so that our notation
is consistent. See [BT] Cor. 4.4.



Vol. 100, 1997 AUTOMORPHIC THETA REPRESENTATION 65

We shall also study the groups SO, which we define as follows. Let J,,, denote
1

the m X m matrix defined by J,,, = o . Define
1

SOgm = {g € GLom: thng = Jom and detg = 1}

We will label the simple roots in D,,, (simply connected) as follows:

B Ba Bs 5
0 ce 0 0 0

0
Ba
We will use similar notations as in the exceptional groups case. Thus if § is
a positive root we will write (ny---n,,) for 8 = Y i-, n:6;. Also, if wg, or w;
are the simple reflections corresponding to the simple root §;, we shall denote
w(iy -« ir) = Wy, - w;, . We will denote by hg, (£), or simply A;(t), when there is
no confusion, the one-dimensional torus corresponding to embedding of the SLq
attached to the simple root 3;. We set

h(ty,. .o tm) = [ ha(ti).

Let Oz = {g € GLom: 'gJ2mg = Jom}. Dim is a central double cover of SO5,,, =
[Og2m, Oam]. Recall that over a field k, there is an exact sequence

1 = SO, (k) = SOgm (k) — k*/(k*)2 = 1.

We will also need the action of the various Weyl groups on the torus. Since we

are concerned with simply laced groups, we have, for simple roots a, 3,

ha(t—l)a ﬁ = a,
wahs(wg' = { hs(t)ha(t), (a8
hﬁ(t)’ <asﬂ

In general, for a split reductive group G we denote by ¢(G) the set of roots,
by ¢T(G) the set of positive roots and by A(G) the set of simple roots. We will

usually denote the highest root by 8. Also, we sometimes denote by B(G) (or
just B) the Borel subgroup of G and, for a parabolic subgroup P, we denote by
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pp half the sum of positive roots which occur in the radical of P. For P = B,
we let p = pg. We use the standard analogous notation on the Lie algebra side.
g = Lie(G); g, denotes the root subspace corresponding to the root o, spanned
by X..

Remark: The notation above and in the next subsection is meaningful when the

group G is replaced by another simple group with the same Dynkin diagram.

(1.2). We will consider various maximal parabolic subgroups. More precisely,
given a reductive algebraic group G we let P(G) = M(G)V(G) denote the max-
imal parabolic subgroup of G whose unipotent radical is V' (G) and whose Levi
part is given by

(a) G = Eg, M(G)=GL; - Eq,

(b) G = E7, M(G) = GL; - Fq,

(¢) G = Eg, M(G) = GL; - Ds, (almost direct products),

(d) G=D,, M(G)=GL;-A,_.

We will need another parabolic subgroup of G for our constructions. Given G
as above let Q(G) = L(G)U(G) be the maximal parabolic subgroup of G -whose

il

Levi part is:

(a) G = FEs, L(G)=GL; - Er,

(b) G = Fx, L(G) = GL; - Eg,

(¢) G = Eg, L{(G) = GL;y - Ds,

(d) G=D,,, L(G)=GL; - Dp,_; (almost direct products).

Finally, consider the maximal parabolic subgroup Pu.is(G) = E(G)H(G),
whose radical is a Heisenberg group. Its center is the root subgroup which
corresponds to the highest root 3.

(a) G = Es, E(G) = GLy - E7,

(b) G = Ey, E(G) = GL; - De,

(¢) G = Fg, E(G) = GL1 - GLg,

(d) G=D,,  E(G)=GL;-(A; X Dn_2)(almost direct products).

Remarks: (1) The group Eg (resp. Dy, for im > 4) has two associated parabolic
subgroups with Levi part GL; - D5 (resp. GL1Anm—1). Since we will need both, we
shall agree that P(Es) will denote the parabolic subgroup obtained by deleting
the root og. If this is the case, Q will be the other maximal parabolic subgroup
whose Levi part is GL, - D5, the one obtained by deleting «;. As for D,,, we
shall agree that P(D,,) will be obtained by deleting the root 8, in whatever
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D,, we choose. The other associated parabolic subgroup will be denoted by
Py(Dp) = Lo(Dpn)Ua(Dyy,). As for the other cases, P(Es) = Q(Es) is obtained
by deleting the simple root as. P(E7) = Q(E7) is obtained by deleting a7 and,
finally, Q(D,,) is obtained by deleting the root .

(2) Notice that except in the case of Eg, U{G) is an abelian group.

(3) We have Py.is(G) = P(G) for G = E7,Es. H(G) contains ag in case
G = Eg, o1 in case G = Er, ag in case G = Fg and 5,1 in case G = D,,.

For a maximal parabolic subgroup P of G we denote by ap the unique simple
root, which belongs to the radical of P.

We will need to study the space of double cosets P(G)\G/Q(G) when G equals
D,., Eg, E7 or Eg. We denote the number of these double coset by n(G).

LEMMA 1.1:

(a) For G = Eg, n(G) = 5 and as representatives we may choose: e, w(8),
w(876542345678), w(87654231456734254316542345678), and the Weyl
element wq with minimal length which sends all the roots in U(Eg) to
their negative.

(b) For G = FE7, n(G) = 4 and as representatives we may choose: e, wr,
w(7654234567) and the Weyl element wy with minimal length which sends
all roots in U(E;) to their negative.

(c) For G = Eg, n(G) = 3 and as representatives we may choose: e, w(65431)
and wp = w(6543245613425431).

(d) For G = D,,, n(G) = 2 and as representatives we may choose: e, and

Wy W3+ Wy

Proof: The proof is straightforward. It is clear that the representatives of
P(G)\G/Q(G) can be chosen in W(M(G))\W(G)/W (L(G)). We make a canon-
ical choice. Namely we choose the representatives to be the Weyl elements w
with minimal length mod W(M(G)) on the left and W(L(G)) on the right.
In other words if w = wy,wy, -+~ w;, with £ = {(w), then w;, ¢ W(M(G)),
w;, ¢ W(L(G)) and using the relations among the simplereflections in W(G),
if w = wj,wj, --wj,, then 73 = j; and ip = j,. To find all such Weyl ele-
ments, we start by writing the long Weyl element wg in W(G)/W(L(G)), say
wo = w;, + - w;,. Doing so, all the representatives of W (M (G))\W(G)/W (L(G))
are all Weyl elements of the form w; ---w;, with j > 1 such that this word is
minimal mod W (M (G)) on the left. (It is already minimal mod W(L(G)) on
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the right.) Let us illustrate these ideas in Eg. Recall that the only relations in
W (Es) are the following. If a; and a; are not adjacent in the Dynkin diagram,
then wa,Wo, = Wa,Wa,, and if they are, then wo, wo, Wa, = Wa, Wa;Wa;. Also
w:';i =1, for all a;, 1 < ¢ < 6. Using these relations, we see that the long Weyl
element in W(FEg)/W{(L(Es)) is wo = w(6543245613425431). Indeed this Weyl
element has length 16, which is the dimension of U(FEg), and one can check that
woar < 0 if and only if « is a root in U(Eg). Thus the minimal Weyl elements
mod W(M(Eg)) on the left will be e, w(65431) and wyq itself. Hence these are
the representatives of W (M (Eg))\W (Eg)/W (L(Eg)). The other cases are done

in a similar way. [ |

Remark: This lemma remains valid when G is replaced with a simple group of
the same type (i.e. with the same Dynkin diagram). This is clear.

2. On poles of Eisenstein series

In this section, we will study the poles of certain Eisentein series on the groups
G = D, for m > 4, Eg, E; and Eg. We will study the pole at a specific point.
The method we use is as in [KR1], i.e. we will study the constant term along
the unipotent radical U(G) where G is as above. We will use the results of this
section later on in the definition of the automorphic theta representation.

Let F be a number field and let A be its ring of adeles. Let R = R(G) denote
a maximal parabolic of G. Let 8r denote the modular function of R. For s € C
set I(s) = I(G, s) = Indgéx 6;{“/ %, Consider the corresponding Eisenstein series
defined first for Re(s) large, by

Epe(g:.f8)= Y. f(19,9)
YER(F\G(F)
for g € G(A) and f € I(s). This series converges absolutely for Re(s) large and
admits a meromorphic continuation to the whole complex plane. It has a finite
number of poles after a suitable normalization.

Let K(G) be the standard maximal compact subgroup of G(A). From now on,
we shall restrict ourselves to standard sections f in I(s). Thus, f is standard if
it is K(G) finite and its restriction to K(G) is independent of s.

Given f = @, f, in I(s), we denote by S the set of places such that f, is
unramified for v ¢ S. S may be the empty set. We denote by (,(s) the local
zeta factor at the place v and we set (s(s) = HU¢S (. (s).
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Given a Weyl element w € W(G) we form the intertwining operator given, for
Re(s) > 0, by the intertwining integral,

(Mo (5)£) (9 5) = / f(wng, s)dn

Ny (A)

where N, is the group generated by {Za(r): a > 0 and x4 (r) ¢ R}. Thus M,,(s)
is factorizable and M, (s) = [], My (s). If f, is K(G,) fixed, normalized so
that f,(e,s) = 1, and f,, is the K(G,) fixed vector in the image of M, ,(s)
normalized so that f,,(e, s) = 1, then we have

M (s)f, = Li(w,s)]..

Set

Li(w,s) = H L (w,s).

vgS

We will also denote

= (H Mw,u(s)fu) ® H J?;/

veS vgs

Given G, R and f as above, we form the normalized Eisenstein series defined
as follows. Denote by Ls(G, R, s) the normalizing factor of Egg)(g. f,s). We
denote

Er)(9, f:8) = Ls(G, R, $)ER(c)(9, [, 3)-

By definition, Lg(G, R, s) is the denominator of L§(wo, s), when written as a
quotient of products of zeta factors (after simplification), where wyq is the repre-
sentative of the big cell in R\G with minimal length.

To make things clearer, we start with two computational lemmas. The first

lemma is easy to verify.

LEMMA 2.1: We have

(1) 6o (TT5= hi(ts)) = Itsl?,

(2) ¢ E7>( L s(t5)) = e,
(3) ép(Es) (tg)) = |te|'?,
(4) Sa(es) H, b)) = ),
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(5) 6P(Dm)<H;n=1 hj(tj)) = [t2]*™?  (m > 3),
(6) b (17 hs(6)) = ltmfP™2 (m>3).

Next we compute the normalizing factors for certain Eisenstein series we use.
We have:

LEMMA 2.2: The factor Ls(G, P, s) equals:

(a) IfG=D,,
Cs((2m—— s +m+1- 2k).
k=1
(b) If G = Eg
Cs(128 4+ 6)Cs(12s + 3).
(C) IfG = E7
Cs(18s5+ 9)(s(18s + 5)(s(18s + 1).
(d) If G = Ej

C5(295 + 29/2)Cs(29s + 19/2)Cs(29s + 11/2)Cs(585 + 1).
(e) For G = D,,, the factor Ls(G,Q, s) equals

(s ((2m —2)s+ 1)(5((2m —2)s+m— 1).

Proof: The proof uses the method of Gindikin—Karpelevich as explained in
[PSR1] Proposition 5.2. We rewrite their formula as follows. Let F, be a local
field. Let R be a maximal parabolic subgroup in G. Parameterize the torus of G
as [, h-(t;). Then there exist unique positive integers ¢ and k such that

6R(Hhr(tr)) = |te*, t.€F}.

The numbers ¢ and k can be read in our cases from Lemma 2.1. Let w € W(G),
and a = Yn,a,, if G = Eg, By or Eg and a = ¥Xn.6,, if G = D,,, be a positive
root. Then using Proposition 5.2 in [PSR1] we have:

(,,(Imgs + k—g‘ — Em)

ey [ fwnsa= ] |
kng -
Nu(Fy) L0 v (knzs + 3 +1 an)
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Here f, is the unique K, fixed vector function in Indgg”; 6?1/ % normalized so

that f,(e,s) = 1. To obtain Lemma 2.2 one can take w = wg to be the Weyl
element in W(R)\W(G) as stated above. |

For G = Dm,E(;, E7,Eg, let

27;1”___321 G - Dmv

) 1/a, G =Es,
s(G) = 5/18, G = En,
19/58, G = Ej.

There is a Weyl element wq, such that

2o = 6;1/26;3(0)“/2

where y,, is the real unramified character of the torus, which corresponds to
the subregular unipotent orbit in G. See [S, p. 143]. For example, wo =
w(56), w(567), w(5678) in cases Eg, F7, Eg respectively.

We are now ready to prove:

THEOREM 2.3: The Eisenstein series E;,(G)(g, f. 8) has at most a simple pole at
s = 8(G) and it is obtained for some choice of section f € I(G,s).

Proof:  As was mentioned before, we will study the constant term of
Ep (g, f,s) along U. The proof is similar to the cases studied in [KR1].

Let us briefly explain the idea. Write P, @ etc. for P(G),Q(G) etc. For
g € L(A) we have

Ep(ug, f,s)du= Z f(vug, s)du.
U(F\U (4) U(FNU(8) TEPENGE)

For h € G(A) we have

S flyhs) = Y 3 F(wbh, s).

YEP(FN\G(F) weP(FN\G(F)/Q(F) s€(w™ ' P(F)unQ(FN\Q(F)

Since @ = LU we can write w™'PwNQ = L*U%, where if X is a subgroup of Q
then X* = w™!Pwn X. Thus L% is a maximal parabolic subgroup of L. Write

2 = > )

(Wt P(F)YwnNQF)N\Q(F)  U*(F)\U(F) L*(FN\L(F)
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Plugging all this in the constant term we obtain

Ep(ug, f,s)du
U(FN\U(4)

= Z / Z Z Flwu™ubg, $)du

W pENUA) “CEUH (F\U(F) S€Lw(F)\L(F)

= Z / Z f(wubg, s)du.

W e (F\U(a) SELY (FNL(F)

Here w runs over P(F)\G(F)/Q(F'). Factoring

/Uw(m\U(A) /me)\vm) /Uw(m\uww’

using the left invariance properties of f and setting the measure of F\A to be
one, we obtain

Ep(ug, f,s) = Z / Zf(wu&g,s)du

(2.2) U(FNU(4) RO\

=3 N (Mu(s)f)(89,5) =D Brw(g, Mu(s)f,8').
w 5 w

Here w and § are summed as above. Also, Epw is the Eisenstein series of the
group L obtained by inducing from the maximal parabolic subgroup L* and we
understand that Ep«(g, My (8)f,s') = My(s)f if L* = L. Finally, ¢ is some
linear translation of s and we view M,,(s}f as a section on L by restriction. We
will now use this formula for the constant term for our cases. We start with:

(a): G = D,, for m > 4. This case was actually done in [KR1]. We rewrite
formula (1.2.14) in [KR1] as

/ Ep(p,,)(uh(a)g, f, s)du =
U(F\U(4)

(2.3) (2m—2)(s+1/2) ( 2m -2 1 )
E
a POn-\9 550 =3 o4

—(2m-2)(s— 2m — 2 1
+ [al (2 2( 1/2)E'Pa(Dm—1) (g’ Mv(s)f7 o — 45 - om — 4>
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Here h(a) = h(a,a,a? ... ,a%) is a general element of the connected center of
L(D,,) and v is the second Weyl element as appears in Lemma 1.1(d). Also
we view f and M,(s)f as sections on D,,_; by restriction. Notice that when
s = 8(Dy,) then

2m — 2 1 2m — 2 1 m—4

D :12 — = —
o1’ Tomog =2 s T

S(Dm_l).

Thus by induction, E},(Dm_l)(g,f, Im-2 — Wl—ax) has a simple pole at s =
$(Dp) and the residue is the constant function. Following [KR1] we may deduce
that after a suitable normalization, the second term on the right side of (2.3) can
have at most a simple pole. Comparing the powers of a|, we see that cancellations
of the poles is not possible for s = s(D,,), m > 4 and hence the theorem follows

in this case.

(b): G = Eg. Once again, we compute the constant term along U to obtain

(using Lemma 1.1)

s 3 1
Ep(a)(uh(a)g, £, s)du = a2 Eqp,) (9, f, 55+ ;)
(2.4) UFENU®)
1

+ 1ol B,y (0, Mu(9)f, s — )+ [al ™52 (Mo ()£) (0,5):
Here h(a) = h(a* a3 a’ a® a a®), a “general” element of the center of the
Levi part of Q(Eg), and g € Ds. Also, v = w(65431) and wp is as defined
in Lemma 1.1. Thus (2.4) is obtained by the general scheme as described
in the beginning of the proof (see {2.2)). Let us sketch some of the details
here. To obtain the first Eisenstein series we compute L* for w = e. Thus
Lf=PNL=@QD;s) and U¢ = PNU = U. To compute s’, we proceed as
follows. First, by Lemma 2.1, we have 6¢(py) (ngz hj(tj)) = |t¢|®. Indeed,
recall that now the Dj is the subgroup of Eg obtained by deleting ;. On the
other hand, f (H?=2 hj(tj)g,s> = Jts|'2(+1/2) Thus s’ satisfies the equation
12(s+1/2) = 8(s'+1/2), i.e. s’ = 35+ ;. The other cases are done in a similar
way. Indeed when v = w(65431) it is easy to check that v"la; = az; v lag =
(111100); v las = a4; v lag = as; v las = ag and v"lag < 0. Thus the
simple positive roots in the Levi part of LY are a1, asz, as and as and hence
LY = P(Ds). Since va < 0 for & = (100000); (101000); (101100); (101110)
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and (101111) then U\U is the five-dimensional unipotent subgroup of U gen-
erated by these 5 roots. To compute s’, we notice that by Lemma 2.2 we have

8p(Ds) (H?:? hj(tj)> = |ta|* and also

6
[ 1 wIlms.s | du=papses2= [ pou s
=2

Uv\U i Ue\U

where |to]™3 is obtained from the change of variables in U¥\U. Thus
12(s + 1/2) — 3 = 8(s' + 1/2) which implies that s’ = 425 — L. Finally the
computation of the powers of |a| are done in a similar way. For example, in the
case of w = v = w(65431), one can check that vh(a)v=! = h(a, a3, a? a®
(see (1.1)). Also, we have a contribution of [a{*® from the change of variables in
UY\U. Since 8p(g,)(h(a,a®,a* a3, a.a™")) = |a|~'* we obtain as the power of |a|
the number —12(s + 1/2) + 15 = —12s + 9. It follows from (2.1) that for v ¢ S

(Mv‘l,(s)f,,)(e, 5) = 1:[0 CVE12s +6—Sn,)

,a3,a,a7t)

L(125+ 7 - %n,)
v_1a<0
Since the roots a > 0 such that v~la < 0 are 100000; 101000; 101100; 101110

and 101111 we see that
_ (s(12s+1)

T ({125 +6)°

Taking into account the normalizing factors of the Eisenstein series appearing in

Ly(v.s)

Lemma 2.2 (see Lemma 2.2), we get (set a = 1)

(2.5)
3 .1
E;D(G)('Urg» £ S)du = E(*Q(Ds) (g, 7 55 + Z)
UFNU(4)
. 121

T by (g’ Au(s)f. g8 = g) + Cs(125 — 2)Cs(125 — 5) * (Auwo (8))(g. 5).

Define
(420(7)(09) = (T 6125 - 26125 =) (Aa(6)f) (0.9)
ves

Then

(2.6) Cs(128 — 2)(s(125 — 5) Au, (8) = ((125 — 2)( (125 — 5) A}, (s)

where ((s) denotes the complete zeta function i.e. {(s) =[], ¢.(s). We need:
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LEMMA 2.4: Given f € I(s), the intertwining operators A,(s) and A}, (s) are
holomorphic at s = s(G) = 1/4.

We will prove this lemma later.

Plugging (2.6) in {2.5) and computing the residue of (2.5) at s = s(G) = 1/4,
we see that the factor ((12s — 2) ((12s — 5) A}, (s)f has at most a simple pole
at s = 1/4 and is nonzero for some choice of section f. Also E;‘,( D) CaN have at
most a simple pole at s = 1/4. This follows from case (a) when G = Ds. As in
case (a) we may deduce that there is no cancellation of poles by comparing the
power of |a| at s = 1/4. Thus the theorem follows for this case.

(c): G = E;. Here according to Lemma 1.1(b) there are 4 representatives for
P(G\G/Q(G). Let v; = wr, vy = w(7654234567) and wq as defined in Lemma
1.1(b). The constant term along U equals

EP(G) (’U’h(a’)gv fa S)du

U(F)\U(A)
s s 18 2
@1 =lalA(g,8) + ™ Bp ey (9, Moy (9)f. T35 + 13)
18 2
—18s5411 o 4
+ lal EQ(EG)(Q’MW(S)f, 50 12)

10l 754477 (M, ()£ ) (9, 9)-

Here h(a) = h(a?,a,a% a% a’ a* a3) is in the center of L(G) and g € Eg(A).
Since vl‘lai =q; for1 <i<5, vflag > 0 and Ul“la—( < 0 we see that Lt =
P(Esg). Also it is clear that U”*\U is generated by the root z,,(r). As for vy, we
have v;lal >0 v{lag = @3; v{lag = ag; v;lai =q; fori=4,5,6and U;1a7 <
0. Thus L*? = Q(Eg). Here U2\U is the unipotent subgroup of U generated
by the following 10 roots: (0000001); (0000011);(0000111); (0001111); (0011111);
(0101111); (0111111); (0112111); (0112211) and (0112221). The points s’ and
the powers of |a| are figured out as in case (b). Also as in case (b) one can easily
check that

1 _ 45(188 + 8)
Ls(vr,8) = C5(185 1 9)
and that
L};(vg, s) _ 45(188)C5(183 + 4)

"~ (s(185+5)(s(185+9)
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Multiplying (2.7) by Ls(G, P, s) (see Lemma 2.2) and taking into account the

normalizing factors of the Eisenstein series we obtain

Ep(c)lug, f,s)du

UP\U(A)
(2.8) =Ls(G, P, s)f(g, )+Cs(183+1)EP Ee)(g, Ay, (s )f, 122)
2
+ Cs(lgs)EQ(Ee)(ga vy (8 )f, 12)

+ Cs(185)Cs (18 — 4)(s(185 - s) (Aus()£)(9,9)-

Define

-1
(4209)1) (0,9 = (H C,(185)C, (185 — 4)G,(185 - s>) (Aus (5)1) (9,9)-

veS

Then
(2.9) Cs5(185)Cs(185 — 4)C5(185 — 8) Ay, (5) = ((185)((185 — 4)((185 —8) AL, (s)-

Later we will prove:

LEMMA 2.5: Given f € I(s), the intertwining operators A, (s), Ay, (s) and
A}, (s) are holomorphic at s = s(G) = 5/18.

Next we plug (2 9) in (2.8) and compute the residue at 8 = s(G) = 5/18. Notice
that s+ 2 > 1 for s = 5/18 and that 135(E7) — 75 = s(Ee). As before, we
get a nontrivial re31due at s(G) from the factor contalnmg ((18s —4). Also from
case (b) we see that Ep) ) can have at most a simple pole at s = 1/4. Indeed,
recall that in Fg the parabolic subgroups P and Q are associated and hence the
corresponding Eisenstein series share the same analytic properties. Once again,
comparing the powers of |a| we see that no cancellations are possible.

(d): G = Es. In this case, we have 5 representatives for P(G)\G/Q(G). Let
11,2 and vs denote the second third and fourth representatives as they appear
in Lemma 1.1(a) and let wp be the element defined in Lemma 1.1. We have, for
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all g € E7(A),

Epc)(uh(a)g, f,s)du

U(ENU(A)
$ 8 ]'
=[a|***+*°f(g, ) + [a]*® +31/2EP(E, (6 M ()5, 255+ 7)
(2.10)
10l Ep, o) (9 Man(9)f, 525)

_ 29 1
+1dl 293+31/2EP(E7) (g,Mvs(s)f, —s5— —)

18 4
+ 1075422 Mo, (5)f ) (9, 5)-

Here h(a) = h(a?,a3,a* a8 a® a*, a3, a?) is in the center of L(Eg). The case of
vy is exactly as in the case of v; in G = E;. For w = vg, we have that v;lal > 0;
vz_laz = as; 1);1(13 = ag; v{lai = a; 1 = 4,5,6,7 and 112_1018 < 0. Thus
L = Q'(F7). Also UY\U is the unipotent subgroup of U generated by the
roots (00000001); (00000011); (00000111); (00001111) (00011111); (00111111);
(01011111); (01111111); (01121111); (01122111); (01122211) and (01122221). As
for v3 we have: 'vglal = Qg; v?’_lag = (3; U3_1C!3 = Qas; v§1a4 = (4; vglag, = Q3;
vglae = a; v§1a7 > 0 and v;lag < 0. Thus LY® = P{FE7). Finally let us just
mention that U?*\U is a maximal abelian subgroup of U. We omit the details.
We have:

_ (s(29s +27/2)
Ls(vr,s) = (5(29s + 29/2)
and
Li(va,s) = (s(29s + 7/2)(s(29s + 1/2)
S 2T 05 (295 + 29/2)(s(29s + 19/2)
and

Cs(295 — 7/2)Cs(29s + 1/2)Cs(29s + 9/2)Cs(585)
Cs(29s + 11/2)Cs(29s + 19/2)Cs(29s + 29/2)Cs (585 + 1)

L.IS‘(’UBa 3) =

We will also need the normalizing factor for the Heisenberg Eisenstein series in
E7:

Ls(E7, Pieis, 8) = 43(17.3 + 17/2)(5(178 + 11/2)(5(178 + 7/2)(3(348 +1).

Multiplying (2.10) by Ls(Es, P, s) and taking into account the normalizing factor
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of the other terms we obtain

(2.11)
E;)(G)(ug,f, S)du
UFN\U(A)
) 20 1
=Ls(G, P, s)f(g,5) + (s(58s + 1)E)D(E,) (Qa Ay (s)f, '1§3 + Z)
. 29 . 29 1
+ EQ’(E7) (ga sz (S)fa ﬁs) + 45(585)EP(E‘7) (91 Aus (S)f, ’1_85 - Z)

+ C5(295 = 9/2)(5(295 = 17/2)C5(295 — 27/2)(5(585) (Aua ()£ ) (9, ).

Denote the coefficient of (Awo(s)f) (g,5) in (2.11) by Lg(wo, s). Define

AL (s)f = (Hfu(wo,s)*l)Awo(s)f.
veS
Then Ls(wo,s)Auw,(s) = L(wg,s)A}, (s) where L(wo,s) = [, L.(wo,s).
Plugging this into (2.11) and arguing as in the previous cases we are done once

we prove:

LEMMA 2.6: Given f € I(s), the intertwining operators A, (s), j = 1,2,3 and
A, (s) are holomorphic at s = s(G) = 19/58.

To complete the proof of Theorem 2.3 we need:

Proof of Lemmas 2.4, 2.5 and 2.6: To prove these lemmas it is enough to show
that given a Weyl element w and a place v € S, the local intertwining operator
M,,.(s)f, is holomorphic at s = s(G) for any choice of a local standard section
fv € Indg(c) 6;"(%/)2. Here w is one of the Weyl elements appearing in those
lemmas. First assume that w is v in case G = Eg or v1 or vy in case G = F; or
w is vy or vy or vs in case G = Eg. Write w = w(iy)---w(i,) as a product of

simple reflections such that {(w) = r. Thus
Mw,u = May(ip)w Ot O My(4),we

Due to this factorization it follows from the usual properties of GLy-intertwining
operators that the poles of M,,, are controlled by the poles of

(2.12) I ¢ (kngs + kne/2 — Enr).
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Here a = Tn,.o, and k and n, are given by Lemma 2.1. We will check on a
case by case basis that for s = s(G), knes + kng/2 — ¥n, > 1 foralla > 0
with wla < 0. If G = Es then w = v and k = 12 and n, = 1 (since v =
w(65431) and, as mentioned in (b), the roots 100000; 101000; 101100; 101110
and 101111 are all roots & > 0 with v~'a < 0). Thus, for s = s(Eg) = 1/4,
kngs + kng/2 — En, = 9 — En, > 1, for all relevant roots. When G = E7, we
have for s = s(F7) = 5/18 that kngs + kng/2 — £n, = 14n7 — In,. When
w = wr, ny = 1 and ¥n, = 1 and 14n; — ¥n, > 1. For w = v, it is easy
to check that ny = 1, and the highest root a > 0, such that vz_la < 0, is the
root 0112221, whose height is ¥n, = 9. When G = Ejg, we have w = v;,v2,v3
and, for s = s(Eg) = 19/58, kngs — kng/2 — En, > 24 — En,. There are only
five roots a > 0, for which 24 — ¥n, < 1. They are (23454321); (23464321);
(23465321); (23465421) and (23465431). However, one can check that for these
roots w™la > 0.

Next we study the intertwining operators A,,(s). We start with G = Eg.
For short write Ay, (s)f for Ay, (s)f,, where v is a place in $ and f, €
Indg(c) 6;,+(C1',/)2. Let w = 2(2)2(1), where z(1) = w(431) and 2(2) = woz(1)~! =
w(6543245613425). Thus

Auo(8)f = A (1y(8) 0 Ay 2)(8) f.

First, we claim that A,2)(s)f is holomorphic at s = 5(G) = 1/4. Indeed, as
before, write z(2) = w(6)w(5) - - - w(2)w(5). Factoring A,(3) to GLo-intertwining
operators, we see that the poles of A,(5)(s)f are controlled by (2.12), with w =
2(2). Since k = 12 and ne = ng = 1, (2.12) is given by

(2.13) I <¢o-=n).

>0
z(2)~la<o

The highest roots a > 0 with 2(2)"'a < 0 are (111221) and (112211). For those,
Tn, = 8. Thus (2.13) is holomorphic. By restriction, we have

R G s+1/2 GL 3s—1/2
Az(g). Indp(G) 5P(G) — IndR(éL4) 6R .

Here R(GLy4) is the parabolic subgroup of GL4 whose Levi part is GL; x GL3.
Also GL4 is embedded in G by deleting the roots as, as and ag. Finally, the

simple positive roots in the Levi part of R{GL3) are a; and a3. Indeed, one
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can check that z(2)on = ag, 2(2)az = a4 and 2(2)ay > 0. Thus, to prove our

assertion, we need to show that

(2.14) (125 — 2)71¢(12s — 5) 1A, (1) (s) f

is holomorphic at s = s(G) = 1/4 for all standard sections f € Indg(LéL” 5?;”1/ Z,

Here, of course, we view z(1) = w(431) as an element of GL4 and similarly we
view A,(1) as intertwining operator of GL(4) (see [PSR2]). To show this, we use
Lemma 4.1 in [PSR2]. Let ¥ denote the set of functions f € Indg%éL )635 1/2

such that the support of f is contained in R(GL4)wWR(GL,), where
1

k)

Lemma 4.1 in [PSR2] states that in order to study the poles of A,(1y(s)f(g,s) it
is enough to consider f € ¥ and also we may take g = w. Since

1
(1) = ot
1
when viewed as a matrix in GL(4)}, we have
- 1 z y =z
(Azm (w, 5) ff 2(1) ! . W, s| drdydz

(2.15)

,s|drdydz.

/ f
Write, for z # 0,

(..
T

g|

2 1 1
Plugging this in (2.15), conjugating and changing variables, we obtain
1 z y 2

(Az(l)(S)f)(W»S) =/|Z|l2s‘5f( s | dedyd*z.

1
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Note the multiplicative measure in z. Since f € X the poles of the last inte-
gral are controlled by the poles of [|z|'2°=3¢(z)d*2, where ¢ is a Schwartz-
Bruhat function on F. The poles of the last integral are those of ((12s — 5).
Thus ((12s — 5)"'A,(1)(s)f is holomorphic which clearly implies that (2.14) is
holomorphic. This completes the case of G = Eg. The cases G = F7 and G = Fg
are done similarly. When G = E; we write wg = 2(2)z(1) where 2z(1) = w(4567)
and z(2) = woz(1)~!. In this case #(z(2)) = 23. We have

Awg (S)f = Az(l)(s) o Az(2)(5)f

As before, at s = s(G) = 5/18, A,(3)(s) is holomorphic. This is done by
decomposing A,(2)(s) into GL(2)-intertwining operators and using (2.12). Also,

we have

-
=

. G +1/2 GL 18
Aoy TndG gy 6t Y/? — IndGle, 6578,

=

Here R(GLs) is the parabolic subgroup of GL(5) whose Levi part is GL; x GL4.
Also GLj5 is embedded in E; by deleting the roots a;, as and as and the simple
positive roots in R(GL;) are as, ag and ay. As in the case of Eg one can easily
check that
(185 —8) 7 A, (1)(s) f

is holomorphic which clearly implies the statement for this case. Finally, if G =
Eg we set wy = 2(2)z(1) where z(1) = w(45678) and 2(2) = woz(1)~*. Thus
0(=(2)) = 52. We need to show that L, (wg,s) 1Ay, (s) is holomorphic at
s = s(G) = 19/58 (see Lemma 2.6). We will show that

(295 — 27/2) "L Ay, 1 (8)

is holomorphic at s = 19/58. As before we omit the reference to v from the
notations. Write Ay (s) = A,1)(s) 0 A,(2)(s). Factoring to GLs-intertwining
operators, we deduce that A )(s) is holomorphic at s = 19/58. We also have

298 17

. TadC +1/2 GL 2s-1f
Ay Indpg) 6pg)” — Indp&p, 67 "

Here R(GLg) is the parabolic subgroup of GL(6) whose Levi part is GL; x GLs.
Also GLg is embedded in Eg by deleting the roots a;,as and a3 and the simple
positive roots in the Levi part of R(GLg) are as, a5, a7 and ag. Finally, arguing

as before, we obtain that

€(29s — 27/2) 71 A, 1) (s)
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is holomorphic at s = 19/58. This completes the proof of Lemmas 2.4, 2.5 and
2.6. |

Remark 2.7: case of isogeneous groups. It is clear that the content of this section
applies, with self-evident notation, to simple groups isogeneous to D, Eg, E7,
Es. One constructs the analogous Eisenstein series, and Theorem 2.3 and the
formulae in its proof remain valid, as the proof involves only the Dynkin diagrams.
Moreover, we have the following simple situation. Denote, for this remark, by
G*< one of the simply connected groups above and by G a connected simple
group of the same type; then we have an isogeny, defined over k, i: G*° — G.
Let T denote the maximal torus of G. Then G(k,) = T(k,)Im(i)(k,), for all
v. Denote by P*¢ and P two corresponding parabolic subgroups in G*¢ and G
respectively (i.e. they correspond to the same subset of simple roots). Clearly,
for p € P*¢(k,), 6psc(p) = Op(i(p)). Consider the map i™: Indg: §st1/z

Indggz 6;;,;1 / 2. induced by i. It is an isomorphism, which takes a right translation

s
by g to a right translation by i(g). Let ¢, be a section for Ind,c';: ] P+2 and let
fs = i*(ps). For Re(s) > 0, we have

Epe(gf)= Y. f(k)= Y e.(i(ig))

(2.16) = Y ws(ri9)) = Ep(ilg), vs)-
YEP\Gk

Here we used Bruhat decomposition, which is “the same” for either G or G*¢,
and hence i (P\G§°) and P \Gi have the same set of representatives. n

3. The residue representation

Denote by 6 the space of automorphic forms on G, obtained by
Res,—,(c) E’;,(G)(g, f,s) as f varies in I(s). 6 affords an automorphic repre-
sentation of G, by right translations. We denote this representation by 0 as
well. From (2.3), (2.5), (2.8) and (2.11) we deduce

THEOREM 3.1: We have
0 |10y, C 18010y G # D,

08 ooy €10 (95,,) + G =Dnm.
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Here L°(G) = [L(G), L(G)] and 8Y is the representation of LO(G), by right

translations on the space of constant terms along U of 0, i.e. on

{g — /UF\UA p(ug)du: g € LO(G)A} .

(O’Dm_l)w is the space of automorphic forms p(¢*) on D,,_;(A) where w is
the outer automorphism which flips 3; and 8;. Note that in (2.3) the second
term involves Py(Dy—1). Since Py(Dpm—1) = P(Dm-1)“, it is clear that the
second term in (2.3) lies in (8 _ ). Note also that in (2.5), (2.6) and (2.11)

s)f | LO(G)a is constant at s = $(G). The action of “general” central elements
of L(G)a on 16 07, g, is read from (2.3), (2.4), (2.7}, (2.10).

PROPOSITION 3.2: 6, consists of square integrable automorphic forms, i.e.

0 C L*(G(F)\G(A)).

Proof: We use the square integrability criterion of [J]. See also [KRS, p. 520].
Since the elements ¢ € 67, are concentrated along the Borel subgroup B(G), we
have to show that the automorphic exponents of ¢ along B(G) have real part
which is a linear combination of the simple roots with negative coefficients. We

check this case by case.

(1): G=D,,,m > 4. A successive application of (2.3) shows that the automor-
phic exponents along B(G) correspond to the following characters of the adele
points of the standard torus:

Xk h(as, az, ..., am) o 6512 (Ra, ..., am))lak]* 2 [akss [

for 4 < k < m. (We define a4 = 1. Recall that for automorphic exponents
it suffices to take a; € A* with coordinate 1 at all finite places, and positive
lying in the diagonal at archimedean places.) In additive form the character xi

is expressed as
Z a+Z m—j+1)8; + ZﬁJ ﬂl+ﬂ2)
a€¢+(G) j=k+1

The coefficient of B;, i > k, in pe is (m—i+1) = s(m+i-2)(m—i+1)
which equals —(m — i+ 1)(m +1) < 0. If 3 < i < k, the coefficient is (m — 2)
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—3(m+i-2)(m—-i+1)<0. Ifi=1,2, the coefficients is m=2 %(L":Ql)—m <
0. Thus pu; is a linear combination of all roots fy, ..., Bm, with all coefficients

negative.

(2): G = Eg. The automorphic exponents of 87 can be read off (2.4). The
exponents which come from the second term of (2.4) correspond to the following

character (using the previous case with m = 5):

h =h <a4/3,a,a5/3,a2,a4/3,a2/3) h(1,ta,...,t¢)

3.

(32 — 55(1{3?) (h(a4/3,a, a3,a%,a*3,a%3))|a)? - X" (h(1, 1, . . .,t6))

X" varies over the characters, which are trivial on h (a*/3,q,...,a%3) and on
h(1,ts,...,tg) correspond to the automorphic exponents of B’DE, where Ds is the
semisimple part of L(Es), the Levi subgroup of Q(Es) (i.e. Ds is based on the
roots as,...,0g). Thus y” corresponds to a linear combination of as,...,as
with negative coefficients. Recall that in (3.2) a,ty,...,ts are taken to have

positive coordinates at the archimedean places and 1 at all other places. The
element h (a*/3,a,...,a??) acts trivially by conjugation on z4,(r) for 2 < i <
6 and takes To,(T) to Za,(ar). Since bg(ms)(h(ty,... te)) = |t1]'?, it is clear
that the character (3.2) has the form x'x”, where, for h in (3.2), X'(h) = |a|™®
and x”(h) = x"(h(1,ta,...,t6)). We have x'(h) = |a|™® = 55?é§)(h). Thus
x' corresponds to a linear combination with negative coefficients of the roots
which correspond to U(Es), the unipotent radical of Q(Eg). Next, consider the
automorphic exponents which come from the third term in (2.4). These have
the form x'x", where, for h in (3.2), x'(h) = 65(1}/,3§)(h)|a14 = |a|™* = 6(5(%:),
and x"(h) = 6;(1{)25)(h(1,t2, ...,tg)), where B(Ds) is the Borel subgroup of D5 C
L(Es). Thus x'x" corresponds to a linear combination of the simple roots with

negative coefficients.

(3): G = E;,Es. The proof here is as in the case of Es. The exponents in
each case are read off the last two terms of (2.7) and (2.10) respectively. In both
cases, write an element of the torus (with positive coordinates at the archimedean

places, and 1 at all finite places) as
h — hl h/l
where

W= h(a,a®? a2, a3, a%? a%,a%?), G = Ex,
h(a?,a3,a% d% a5 a4 d3,a?), G =E;s.
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and

h”: h(tlv--’tB’l), G:E77
h(tl,. . .,t7, 1), G= Eg.

Note that k' acts trivially (by conjugation) on L{G), the Levi part of Q(G),
and it takes Z,,(r) t0 2o, (ar), in case G = E7, and Za, (1) t0 To4(ar), in case
G = Eg. The automorphic exponents of 8, (provided by (2.7), (2.10)) along B
correspond to characters of the form

x =x'x"

where x'(h”) = 1 and x”'(h’) = 1. The last term in (2.7) (resp. in (2.10)) provides
exponents which correspond to

Soiom (B)lals = bg0m) (), G = Ex,

(E7) Q(E )
(33) () =1 2
Satmy (W)l = 6,8 (), G =Ex.
(Note that 6Q(G)(h”) =1)
(3.4) X'(R") = bp (W), i=T,8

where B(F;_;) is the Borel subgroup of E;_, realized as the semisimple part of
L(G) = L(E;), the Levi part of Q(G). It is clear, from (3.3), (3.4), that x'x"
corresponds to a linear combination of the simple roots with negative coefficients.
(Every simple root has a negative coefficient.) The one before last term in (2.7)

(resp. in (2.10)) provides exponents which correspond to

-1/2 -7/18 =
%m3={5m&ﬂ”‘P—5mEﬂ”) G =Er

Q(E ) Q(Es) °

and x""(h") corresponds to an exponent of 8, _,, i = 7,8 along B(E;_1), so that it
is a linear combination with negative coefficients of (all) simple roots a;, ..., ;-1
(i =7,8). x' as a character of h corresponds to a linear combination with negative
coefficients of the roots which occur in U(G). |

Since 6, is square integrable, we get

COROLLARY 3.3: 6 is a direct sum of irreducible (automorphic) representations.
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Remark 3.4: As in Remark 2.7, we have the same results for isogeneous groups.
In the notation of Remark 2.7, we get the square integrable representations 67,..
and 0 on G5 and G, respectively. These representations are the same in the
sense that

Ress:s(G’) Ep:c (g7 fs) = Ress:s(G) EP(Z(g)1 ‘ps)'

Note also that Eps- and hence .. have a trivial central character and hence ..
is a representation of i(G,), and we have the following equality of automorphic
representation of ¢(Ga):

/
acsc :a,G‘i(GA). .

4. Definition of the (automorphic) theta representation

Let F be a local nonarchimedean field. Let G be one of the groups Eg, F7, Fs.
(We will treat D, separately.) In [KS] the minimal representation 6¢(ry = ¢
(simply laced, simply connected group in general) is defined. It is first constructed
as an irreducible unitary representation of the parabolic subgroup Pues(G) =
E(G)-H(G), and then it is proven to extend to a representation 6 of G. Let 1) be
a nontrivial character of F, and let g5 be the Stone-von Neumann representation
of H(G), with central character v (we identify the center of H(G) ast — z(t) =
exp(tXs), t € F). oy extends to P§, (G) = E%(G)H(G), where E%(G) is the
semisimple part of F(G). Then we have

eis(

(4.1) bclpe = Indbis oy

Heis Heis

¢ denotes the unitary completion of the smooth representation 6;. The r.h.s.
of (4.1) is an induction in the L2-sense. From [KS], it follows that

66 CIndf,,,, bpe T
where
7/22, G = Eg,
(4.2) 2(G) =< 11/34, G = E;,
19/58, G = Fs.
Note that

[ta2|'!, G = Eg(i =6),
(4.3) OPyeis (h(ty,...,t:)) = ltllna G=E{(i=T7),
|t8[29, G= Eg(l = 8)



Vol. 100, 1997 AUTOMORPHIC THETA REPRESENTATION 87

. —2(G)+1 . . . .
The representation Indgﬂe;s 6 P;e(;s "2 hasa unique irreducible subrepresentation.

This is shown in [S]. Thus g is the unique irreducible subrepresentation of

IndG 6_Z(G)+%

Puie OPg.. - » and by duality, since 8¢ is self-dual,

s 1
PROPOSITION 4.1: 6 is the unique irreducible quotient of Indlc;’:Heis 51;&5;?2'

Now let us show

1
PROPOSITION 4.2: g is the unramified subquotient of Ind,GD(G) 6;(G)+2. (For

the definition of s(G), see Section 2.)

Proof: 1In case G = Fg, P = Py, and s(Fs) = z(Es), and so there is nothing
to prove. Assume G = Fjg, Fr.
Let

_ [w(2456), G = E,
(44) - {w(134567), G=Er.

Note that the positive roots «, such that w(a) < 0, are roots in V(G), the

unipotent (abelian) radical of P{(G). More precisely,

(4.5)
Pw

I

{a € ¢ | w(a) < 0}
{ag, a6 + as, ag + a5 + as, a6 + a5 + ag + oz}, G = Eg,
{ar, a7 + ag, a7 + ag + as, a7 + ag + as + oy,
a7+a6+a5+a4+a3,a7+a6+a5+a4+a3+a1}, G = E.

i

Consider, first in the convergence domain, the intertwining operator M, (z) on
G z+3
IndPHels 6PH515

(4.6) Mo (2)f2(g) = / f(Wllaco, a(ra)9) ae s, dra

241
for a holomorphic section f, in Indgﬂm 6 P::,,' Clearly

(4.7) My(2)f2(ug) = My (2)f:(9), uweV(G).

Now restrict g to be in M(G). Let M%(G) be the semisimple part of M(G). If
G = Eg, then MO(G) = Ds, which is based on the simple roots {a;,...,as}.
If G = E7, then M°(G) = Es, which is based on the simple roots {ay, ..., as}.
Consider the parabolic subgroup Pyeis(M%(G)) of M%(G). It is easy to check
that w takes the simple roots v, which belong to the Levi part of Pyeis(M°(G)),
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to simple roots which belong to the Levi part of Pye;s(G), and so for such simple
roots v, we have

6PHeie(G) (z:b'y(t)) = 1.
Also, the radical of P,,,(M°(@)) is taken by w to the radical of Pheis(G). Thus

€ md ) | 6ot

Z)leMU(G) Pia (MO(G)) " PR, (MO(G))

To compute z’, we check the effect of left translation in g in (4.6) by h3(t) in case
G = Eg and by hs(t) in case G = E;. We have, in case G = Fg,

M (2)f-(ha(t)g) = [t / £ (whs(t)Tac g, Ta(ra)g)Tdra
= 112 / £ (ha(t) g () ha (D)o aeo, Za(ra)g)ldra

= [t17265) 5, (h2(0) Mo (2)f2(0)

= |t|5+112 = 6}2’:,:(;40(G (hS(t)

Thus

1
(4.8) 2= -7—1—z.
Similarly, in case G = E7,

17
4. ! =
(49) T

Now, when we formally substitute z = 2(G) in (4.8) and (4.9) we get
Z=1/2
and hence

¢ Ind 1/24+1/2

(4.10) M, (2(G)) PHH,(MO(G ) 0P (MO(G))

f|M°(G)

for f in Ind$, Prieis (G) % PH . To justify this step, we show that M,,(z)f, is holomor-
phic and not identically zero for z = z(G). We have the factorization

Mwe(‘z )Mw5 (z5)M'w4 (24)M (Z2) G =E,
Mu(z) = {Mw(zj)Mwe( 6) ++* Mug(23) My, (21), G = Ei
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for appropriate linear functions z; of z. We view this factorization for operators
1

defined on Indg(G) ) ;,::s ()- Examining the analytic properties of each factor

M. (=) is a “GLg-calculation”. Indeed, we just have to consider

/ Flwaza(r)dr,
F

for a simple root «, and f in an appropriate induced representation from B(G).
This is the Gindikin—Karplevich method. Thus, the poles of M, (=) are contained

in those of
4
] [1¢(11z+j+3), G=Es,
A
H C{=p+ (4 §)szHm<G)’a>) =477 .
a>0 172+ j+ 1), G=Ex.
w = {a)<0 jl;[2 ¢( J 2) 7
Clearly, = = 575 in case G = FEg and z = % in case G = FE7 are points of
holomorphicity. Moreover, when M, (z) is applied to the normalized K-fixed

vector in Indgueis(G) 6;;15/ ?, evaluated at 1, we get

I‘I C(<—p+ (Z + %)2ppHeis(G)’a>)
(U=p+ (4 3)20p, (@) +1)

a>0
w™Ha)<0

which is nonzero for = = z(G). This justifies (4.10). Since

MYG) 1/241/2
IndPHens(MO(G)) Pheis(m0(ay)
has 1p70(y as a quotient, then composing M,,(2(G)) with a map

. M%(G) 1/2+1/2
T Indp, . (0(G)) Puen(MoG)) — La(G):

and using (4.7), we obtain an M°(G)-map

(4.11) T: JV(G) (IndG 5123(;2?1/2) — 1M0(G).

PHcis

Jv (g denotes the Jacquet functor. In order to see how T transforms the action
of M(G), it remains to check this on the following central elements of M (G) (see
proof of Theorem 2.3):
3 .4 6 5 4 _
h(a):{h(a,a,a,a,a,a). G = FEg,

2
h(a?,a% a%, ab a% a* a%), G=E;.



90 D. GINZBURG, S. RALLIS AND D. SOUDRY Isr. J. Math.

Note that h{a) commutes with {the roots in) M®(G) and it acts on z44(r) by
To,(a3r) in case G = Eg. It acts on z,,(r) by Za,(a™!7) in case G = Fq. It
is easy to check that the action of h(a) through 7T is (in both cases) by |a|!? =
1s . . . . . .
] I%,(G)(G)(h(a)). This and (4.11) imply by Frobenius reciprocity that there is a
nontrivial G-equivariant map
G s2(G)+1/2 G —s(G)+1/2
T IndPHeis 6})(}'191)5 / - IndP(G) (SP(é))+ / :
Now IndgHm 6;,([{2“/ s generated by f° — the unramified element as a G-
module (since it has a unique quotient which is unramified, i.e. fg) — and hence
the image of T is generated as a G-module by 7(f°). G- 7(f°) has, of course,

a unique irreducible quotient which is unramified, and since the quotient is also

one for

Indf,...c) S (G »
it must be 85. Thus 8 is the unramified constituent of Indg(G) 6;(%();)“/ % and
similarly, by duality, 8¢ is the unramified constituent of Indg(c) 6;((%);1/ 2, ]

Remark 1: Tt is certain that 6 is the unique quotient of Indg(G) 6;,((%); 12 (i.e.

G - 7(f%) is irreducible), but for our needs Proposition 4.2 will suffice.

Remark 2: Let G denote a group of type Eg, E7, Eg, and again, denote by
G*¢ the corresponding simply connected group. (In case Eg, G = G*¢, and in
cases Eg, E7, G can be either simply connected or of adjoint type.) Denote so =
s{(G*°). Consider as in Remark 2.7 the representations 7 = Ind§ 6%0%2 and 7°¢ =
IndG.. 6%+% (now over F) and the natural isomorphism *: 7 — 7°¢. Let fo € T
be the unramified vector, and let V = 7(G)- fo (the G-module generated by fo). V
has a unique unramified quotient W\V. ¢* induces a vector space isomorphism
W\V =~ *(W)\i*(V). We have *(V) = i*(7(G) fo) = 7°°(G*)i*(fo). This
is due to the fact that fo and i*(fy) are the unramified vectors of 7 and 7°¢
respectively, and that G = i(B*‘)K, K’ being the maximal compact subgroup
of G. Similarly, i*(W) is G*-invariant. Let us show that W\V is irreducible
over i(G*°). Indeed i(G*°) is normal in G and #(G*°)\G is finite and abelian.
Decompose over i(G*), W\V = @_7(w)(W\W) = @, W\r(w)Vs, where w
varies over a subset of the set of representatives of i(G*°)\G, and W\V; is an
irreducible subspace of W\V over i(G®). This induces a decomposition (as

G*c-modules) *(W)\i*(V) = @ * (WN\i*(r(w)Vp). Since i*(W)\i*(V) has a
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unique unramified quotient, fo + W must project onto one summand only in
@b, (W\T(w)Vp). say it is W\V;. But now

WAV =7(G) - (fo+ W) = W\7(G) - fo = W\T(i(G*)) fo = W\Vs.

Let us denote by fg(r) the unramified subquotient of 7. We will abbreviate
and denote 6. We have shown that 0 is irreducible over i(G*¢) and that
Res;(gsc) 0 = Ogs-. In particular, it follows that 6 is a minimal representation
of G, since the character distribution of either ¢ or fgsc on Lie(G) = Lie(G*9)
is exactly the same. See [S, section 2].

Let us consider the case D,,. Here, let us use the more familiar notation Spin
to denote the simply connected group. Over the local field F', we have the exact

sequences

1 —— Zy — Spin(F) ——+ S04, (F) = [O2m, Ogm) — 1

v
k

SO9m(F)

F*/(F*)2

Consider the Howe lift (local theta correspondence) of the trivial representation
of SL2(F) to SO, (F), i.e. the lift via the Weil representation for the dual pair
SLs x Oay, inside Sp,,, (rank 2m). The result of the lift does not depend on
an additive character of F. Exactly as in [KR, Section 3], this representation

_ 1
is irreducible, unramified and embeds into Indi(()ggz(:zé Ps°+2. It is a unique
irreducible subrepresentation (so = s(D.,)). It can be realized as the space of

functions on SOs,, (F)
(4.12) h - wy(1, h)9(0,0)

where ¢ is a Schwartz function on X 4 X, and X is a maximal isotropic subspace
of the 2m-dimensional quadratic space on which SOs,,(F) acts and preserves

the quadratic space on which SOs,,(F) acts and preserves the quadratic form;
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wy (g, h) is the Weil representation of §f>2m(F) restricted to SLa(F) x SOqm (F),
and v is a nontrivial character of F. Let 050,, be the unramified quotient
of In df,(()szng) 6S°+2. It is also realized as the space of functions (4.12). By
the above diagram fgo,, defines unramified representations of Spin(F) and
S0, (F). Exactly as in Remark 2, these representations are irreducible (one
over Spin(F) and one over SO’m(F )) and form the unique unramified quotients
fspin and fso;  of IndSpls"pmg 5;0""2 nd Indsogg,(F) 6p s0+3 respectively. We re-
laxed the notation a little bit. We also have Resw] (Spin(F)) 050, = fspin and
Res,(soy, (F) 050, = Os0y,,- By [S, Theorem 2.2] Ospin, 050y, and bso,,, are
minimal representations of Spin(F), SO3,,(F) and SO, (F), respectively. It
follows from the realization (4.12) that

Im—l
(4.13) 830,,. & 0s0,,., forws=

- O
O =

Im—l

(Indeed wy(1,k) in (4.12) is meaningful for A € Oy (F).) Conjugation by w
induces on Spin, the outer automorphism which flips the roots 8y and Bz. Still
denoting it by w, we get that 03, = Ospin,,, -

We are ready to construct an automorphic realization for 6. Let F be a
number field and G of type Dp,, Es, E7, Eg (simply connected or not). Consider,
for each place v of F, the cyclic G,-module 8, generated by the unramified vector
£0 in Indrg  SRatE.
automorphic forms on Gy, defined by the residue at s = s(G) of the Eisenstein
series, which corresponds to IndG‘G )6 P(G,) (see Section 3). Thus we consider
only sections which are generated by the K-fixed vector f° = 0 = @f9. Denote by
f¢ the space of automorphic forms obtained for such sections by the residues at

s = s(G).

We have a map from 7¢ = ®0/, to square integrable

THEOREM 4.3: g is irreducible and, at all finite places v, the local component
of HG is BG,, .

Proof: 6 is an invariant subspace of 67, and hence, by Corollary 3.2 and Remark
34,0c =B 7 a direct sum of irreducible automorphic representations r(0),
Denote by E the surjection from 7¢ to 6. E(f°) has a nonzero projection on
each summand 7 (and so 7(" is unramified at all places). Fix a place vg and

consider a decomposable vector in 7 which at the place vg is arbitrary &, (in the
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space of 9}, ) and fJ and the remaining places. Denote such a vector by j(£y,).
Consider the projection of E(j(£,,)) on 9. This defines a nontrivial map from
g,, to 7 (since E(j(f2)) = E(f°) has a nontrivial projection on 7®). Clearly

E(j(£.,)) lies in the subspace of H#vo K,-fixed vectors of 7 ~ @={"), and this
is isomorphic, as a G,,,-module, to 7r( ). Thus 7r,(,? is an irreducible quotient of 6,
and hence, by Proposition 4.2, the following Remark 2 and the last discussion on
case Dy, m,o =~ 0g,, whenever vq is finite. Similarly, when we project E(j(¢s))
onto 1) @ mli2), we get that, for vy < oo, 7o) & 72} (which is isomorphic
to 8g,, ® 0c,,) is a quotient of 8, . This is impossible unless f¢ is irreducible.

[ |
Definition: We call 65 the automorphic theta representation of G,.

Remark: Although we did not prove that 6 = {Res,_yq) E (g, 7,8} is
irreducible, it is clear, as in the last proof, that 85 is the unlque everywhere
unramified irreducible summand of 8. It follows that 6z, is a quotient of
Indg(c )6 (@ at all places v.

From (2.3), (2.5), (2.8) and (2.11), it is easy to deduce, as in Theorem 3.1.

THEOREM 4.4: We have

98|L°(G)A =1&010), G of type Eg, Eq, Eg,
Og’LO(G)A =1® (0ro))”, G of type D

The action of the center of L(G)s on 1@ 0p0(c) is read from (2.4), (2.4), (2.7),
(2.10).

5. Fourier coefficients of the theta representation

Let F be a number field and G of type D,,,, E¢, E7, Eg (simply connected or not).
In this section, we consider the Fourier expansion of 8¢ along U(F)\U(A). Recall
that U is abelian except in case Eg, where U is a Heisenberg group (see (1.2)).
The characters of U(F)\U(A) have the following form. Let 1 be a nontrivial
character of F\A, and let Y € Lie (U)p. Put

Yy (expZ) = ¢Y(B(Z,Y)), Z € Lie (U)a.

B is the Killing form. In case Eg, we have to assume that Y has zero projection

on the root space which corresponds to the negative of the highest root. (In this
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case, a character of U(A) must be trivial on the center of U(A).) Denote by 5"
the space of functions on G(A)

(5.1) 147 (g) = / 7 (w) f (ug)du,

UFNU(4)

as f varies in .

Assume that Ogy is nontrivial. Consider the linear functional

ZY(f) = f¢y (1)1

and choose a finite place v. By restricting ¢y to ¢, (as in the proof of Theorem

4.3) ly defines a linear functional ¢y, on the space Vo, of 8g,, such that

(5.2) [yyy (Ocy (u){) = ’lj)y,,,(u)[y‘,,(f), u € U(F,,)

Let us recall, at this point, the notion of a degenerate Whittaker model. Recall
(from [MW]) that, for a local (nonarchimedean) field k, a degenerate Whittaker
model is defined starting with a nilpotent element Y € g; and a one-parameter
subgroup ¢: k* — G(k), such that

(5.3) Adp(s)Y =572, sek*

Decompose
g(k) = @gi(k)’

where

gi(k) = {X € g(k) | Adp(s)(X) = s*X}.

Let N*(k) (resp. N'(k)) be the unipotent subgroup of G(k), whose Lie algebra
is @, 9:(k) (resp. @,>,8:(k)). Consider N”(k), the subgroup of N*(k) gen-
eratedgby N'(k) and the_stabilizer, in N*(k), of Y. Fix v, a nontrivial character
of k. Then

Yy (expZ) = Y(B(Z,Y))

defines a character of N”(k).

A smooth irreducible representation 7 of G(k) is said to have a degener-
ate Whittaker model relative to (Y, ¢), if its Jacquet module with respect to
(N"(k),vy) is nontrivial. The main result in [MW] is that the set of maximal
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elements of the set of nilpotent orbits which occur in the germ expansion of the
character of 7 is identical with the set of maximal elements of the set of nilpotent
orbits which contain an element Y, for which there is ¢ as in (5.3), so that 7 has
a degenerate Whittaker model relative to (Y, ¢).

LEMMA 5.1: Let k be any field. For every a € A(G), there is a toral one-
parameter subgroup &, such that

(5.4) Ad(fa(a))(X,) = a’=m0 X,

for v € A(G) and a € k*. Here

1, G of type Fg,
ng = { 2, G of type E7, D,
3, G of type Fg.

Proof: Write
ga(a) = H ha’ (ara’a’)’ ac€ k* k] Ta,al € Z.
a’'eA
Then
Ad (£a(@))(X,) = a2oerea e @M X

We then want

!
Z ra,a’(a ) ’7) = 60,7”6‘7
a'€A

for all v¢ A(G), with 74  integers. For this, we have to examine the inverse to the
Cartan matrix of G, and check that the common denominator of its coordinates
is ng. [ |

We denote

oula) = £.(a?), G of type Eg,
* é-a(a)’ G of type E7’ E6, Dm-

Then by (5.4), we have
(5.5) Ad g, (a)X, = ab=rmo X,
for a € k*, a,7 € A(G) and

Mo = 2a G of type E7,E8’D7na
%= 13, G of type Es.
We introduce ¢,, in order to conform with [MW)] (when G is not of type Eg).
Our first main result in this section says that 6c has essentially only one
nontrivial Fourier coefficient along U.
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THEOREM 5.2: The space Hg" is nontrivial if and only if Y = 0 or
Y € Ad (L(GF)) (X-ag)- (See (1.2) for definitions.)

Proof: We prove this theorem by local reasoning, i.e. using the fact that the
local components of s are the local theta representations, and, as a matter of
fact, we only use one finite place. (Compare with our work [GRS]|, where we
made a similar use of the smaliness of the representation at one archimedean
place.)

Assume that Og" is nontrivial, and fix a finite place v. The functional fy
gives rise to the functional £y, on Vg, , so that (5.2) is satisfied. Let us show
that £y, defines a degenerate Whittaker model of 6, . For this, consider the

one-parameter subgroup

(5.6) Y= Pag-

By (5.5), it follows that

(5.7)
g, = Gv,—mg &b gv,0 157 Bv,ma> G of type E67 E'?’ Dm
v Bv,—2mg 57 Qv,—mg 18] 9o ) Bu,mc & 9y,2mcv G Of type ES

and in case G # Eg
Qv,~mg = Lie(U)Fw 8v0 = Lle(L(G))py’ Bvymg = Lie(U)Fw
while in case G = Eg,

gl/,—zmc 57 gu’—mG = Lie(U)FV,
(5.8) 8.0 = Lie(L(G))
gu,mc @ Bv2mg = Lie(U)pv .

F,

Here, we abbreviated g;(F,} to g,.. Note that for G = Eg, gu,4+omg = Gv,24 =
F, - X1p, where 8 is the highest root. It follows from (5.7) and (5.8) that for

Y € Lie(D)F,,

(5.9) Nt =N/, =Nun,=U(F,).

v

Thus, a degenerate Whittaker model with respect to (Y, ), for Y € Lie(U) and
@ as in (5.6), is given by linear functionals which satisfy (5.2). The result of
[MW] and the smallness of 6, imply that if £y, is nontrivial, then Y lies in the
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closure of Ad(G,)(Xp). Since Ad(G,)(Xz) is the minimal (nontrivial) nilpotent
orbit in g,, then Y = 0 or Y € Ad(G,)(Xgs). (Recall that the smallness of
B, means that in the germ expansion of 85, only one nontrivial nilpotent orbit
occurs, the coadjoint orbit of highest weight.) We remark here that in case Eg,
¢(a) satisfies (5.3) with a~3 instead of a~2. However, since we have (5.8) and
(5.9), the definition of a degenerate Whittaker model relative to (Y, ) can be
repeated, and it is easy to check that the result of [MW] follows exactly in the
same way for this case as well, and we reach the same conclusion, namely, if ¢y,
in (5.2) is nontrivial, then ¥ = 0 or Y € Ad(G,)(X35).
By Proposition 5.3, proved below, it follows that

Lie(D)F,, G # FEs,
(5.10) Ad(G,)(X5) N @  goa G=Es =Ad(L(O)R,)(X-aq)-
a:Z n;o, ,ng=1

Thus, if Y # 0, then ¥ € Ad (L(G)F, ) (X—ag) = Ad (L%G)E, ) (X—ag) (L°(G)
= [L(G),L(G)]). Let us show that ¥ € Ad(L°(G)Fr)(X_a,). Let E be the
parabolic subgroup of L°(G), which preserves 9—0q- (The Levi part of E is based
on A(G)\{aq.ag}, where ay, is the simple root adjacent to aq in the Dynkin
diagram of G.) E acts on X_,, by multiplication by a rational character. Let
E' be the kernel of this character. Thus, the elements of Ad (L%(G.))(X-q,)
are parameterized by L°(G,)/E]} and, by the Bruhat decomposition, they are of

the form
(5.11) Ad (2whay, (t71)) (X—ag) = t Ad(zw)(X—ag),

where w is an element of the Weyl group of L°(G), and z is of the form [ z,(rs),
ro € F,, and a ranges over the set I, of positive roots for LO(G) such that
w~(a) is a root for the opposite radical of E'. Clearly, w can be taken in
L%°(G)f. Denote v = w(ag). This is a root in U. Let S, be the set of simple
roots in I,,. We have

(5.12) tAd( J] 7a(ra))(X—y) =tX_y+1 Y raX spa+tD X iy
a€l, a€S,

In the third term of (5.12), p runs over certain roots of height larger than one.
Clearly. there are no cancellations in (5.12). Since Y is of the form (5.12), we get

that ¢, ¢, and r,, for a € S, are rational (i.e. lie in F'). Consider now p in I,
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of height two. The coefficient ¢, of X_.4,, is either r, or 7, + 7orq; a,0’ € Sy,
such that u = a+ o', Since ¢, € F and since ro € F), for all a € Sy, we get that
Ty € F. We proceed by induction on the height of p € I,,. Assume that r, € F'
for all p in I, of height less than i. Then, for u € I,, of height i, ¢,, has the form
7, + > 7', where r’ are products of r,,, with p' € I, of height less than 7. Since
¢, € F, we conclude, by induction, that 7, € F. Thus Y € Ad (LY(G)F)(X_aq),
as we wanted.
We proved that, for f € 6, G # Eg,
(5.13) f@ =@+ Y. e
YEEL\LO(G)F
Note that it is enough to fix 4, due to the presence in (5.11) of t € F*. (5.13)
is the Fourier expansion of f(g) along U. This expansion depends only on the
constant term and on one nontrivial Fourier coefficient, namely that with respect
to ¥x_,,- Thus, if Y € Ad (L(G)F) (X -ag) and 65" = 0, then f(g) = fU(g),
for all g € Ga, and all f € 6g. This is impossible, since then f{g) = f(qu), for all
g € Qa and u € Uy. Since Qr\Q4 is dense in Gr\Ga, we get that f(g) = f(gu),
for all ¢ € Gy and u € Uy. This cannot happen (for example, by the Howe-
Moore Theorem [HM)). Of course, 8% is nonzero (by Cor. 2.7). Assume G = Eg.
In this case, (5.13) is replaced by
=g+ Y 1),
YEER\LO(G)r
where Z is the center of U (Lie(Z) = gg). If Y € Ad(L(G)r)(X-aq) and
05" = 0, then fZ(g) = fU(g) for all g € G, and f € 6. Let  be the root of
height one less than the height of 3. « is a root in U. Denote by N, the root
subgroup which corresponds to a. Consider the Fourier expansion of f along the
abelian group N,Z. The group Go, = SL(2), which corresponds to ag = as,
acts by conjugation on the two-dimensional unipotent group N, Z according to its
natural action on F? (simply by identifying z4(t)zg(s) with (¢, s)). Accordingly,

flo)=>_*(rg)+ fN=?(g).
Here, v runs over Ny, \Go, and

Fo%(g) = / £ (za(t)za(s)g)w~" (t)dtds = / F7 (za(t)g)w™ " (D)t

F2\A? F\A

= / Y (za(t)g)y~ (t)dt = / fUg)vt)dt = 0.

F\A F\A
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Thus, f = fN¥=Z, and hence f = 0. This completes the proof of Theorem 5.2.
[ |

Consider the end vertex in the Dynkin diagram, which corresponds to ag. Let
us redenote ag = a4(1); 0y (2) is the simple root, which corresponds to the vertex
adjacent to that of a4(1), @4(3) is the simple root, which corresponds to the vertex
adjacent to that of a, (), and so on. If a,(;,) corresponds to the first vertex (in
this numeration) adjacent to 7o, the vertex which has three neighbours, then
Qg (ip+1) 18 the simple root which corresponds to the vertex whose only neighbour
is the vertex of vp. Next, o, (i,+2) = 70, and for i > ig + 2, ay(;) are the simple
roots which correspond to the vertices which follow ~g in the direction from 7o
to the end vertex opposite that of ag. (For example, for G = Ej, we have

a(1)=8,0(2)=7,0(3)=6,0(4)=5, 0(5) =2, 0(6) =4,
o(7)=3, 0(8) =150 = as, Y0 = 04.)
For each ¢, consider the diagram obtained from the Dynkin diagram of G, after
removing the vertices which correspond to o, (j), 1 < j < ¢—1. The new diagram
is the Dynkin diagram of a subgroup L; (G = Lg, L°(G) = L;). Consider in
L;_, the maximal parabolic subgroup @; = L;U;, which corresponds to the root
aq(:)- Ui = Ui(G) is the unipotent radical of @; = Q;(G). Note that U;(G) is

abelian for ¢ > 2.

PROPOSITION 5.3: Let k be a field. Then

Lie(U)y, G # Es,
(1) Ad(Gi)(Xp)N @ g-a» G=EFEs =Ad(L(G)k)(X_ag)-

a=2f=l n,0,,n8=1
(2) Fori>1 and T € Lie(U;)x,
X_QQ +Te€ Ad(Gk)(Xg) —T=0.

Proof: Denote

X_aQ + Lie(U,')k, 1>22,
Lie(U)y, i=1and G # Eg,
g-a(k), i=1and G=FE;s.

8
Q=Zi=1 n,a;,ng=1

D; = Ad(G)(X5) N

We shall omit & from the notation. Consider the decomposition

(5.14) G =| | QuPyei,
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where @ = Q(G). Let
K =A(G)\{arya ) J=8(G)\{ag}-

Denote the corresponding sets of positive roots by ¢} and gbj, respectively. Note
that in case G = Eg, Q@ = Pueis. By [C, Prop. 2.7.3], the representatives w in
(5.14) can be taken to be Weyl elements, such that

(5.15) w(K) C ¢Y(G) and w™'(J) C ¢ (G).

The set of Weyl elements which satisfy (5.15) is denoted D . These are the
elements of minimal length in W;\Wg/Wg. (For S C A, Ws is the Weyl group
of the Levi subgroup based on S.) Since Ad(Pyeis)(Xg) = k* X3, we have

(5.16) AdG)(Xp) = | #"AQ)(Xu(s):

weDy k
Let w € Dy . Assume that w(B3) > 0. If w(B) is a root for U, then X5 € U,
and so Ad(Q) (X)) C Lie(U), and we get no contribution to the intersection
D;. If w(B) € ¢}, then X, sy € Lie(L(G)) and hence Ad(Q)(Xw(g)) C Lie(Q).
Thus, there is no contribution in the case to D;. Assume, then, that w(8) < 0.
This implies that w(/) is a root which occurs in U = U}, since otherwise w() €
—¢F, ie. B € —wl(¢F). By (5.15) it follows that 3 is a negative root — a
contradiction. So we may write
(5.17) w(fB) = —ngog — Z Ng - @

aed

where ng > 1, no > 0 are integers. Note that when G # Eg, we have nq, = 1,
for every root v = ZaeA ne in the radical U, and when G = FEg, noy = 1,
unless v = f, in which case nq, = 2. Let us show that only no = 1 in (5.17)
contributes to D;. Indeed, the only other case is when ny = 2, G = Fg and
w(B) = -0, and hence

Ad(Q)(Xu(e)) = Ad(Q)(X-p) = Ad (Pueis) (X—5) =
=k Ad(U)(X_p) Ck*X_p & 80 D 85 & (P 9-7),
where + in the last summand runs over certain positive roots, different from 3.

Thus, the elements of Ad(Q)(X,(s)) have a nonzero projection on X_g, and
again do not contribute to D;. Assume that ng = 1 in (5.17), and we get

(5.18) wHag) = -8- Z now™"

acJ
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By (5.15), w™(a) € ¢*(G), for a € J. Since n, > 0, we see from (5.18) that

ne = 0 for a € J (otherwise, w™*(ag) is a root which is strictly smaller than
—~3). Thus
w(f) = —ag.
In this case
K Ad(Q) (Xu(s) = k" Ad(@)(X—ag) = Ad(Q)(X—ay)
(5.19) = Ad(LU)(X_0y) C Ad(L)(X-s, + Lie(L) + Lie(U))
= Ad(L)(X_ap) + Lie(L) + Lie(U).
Thus, in case i =1,
Dy = Ad(L)(X_qg)-

Let i > 2 and T € Lie(U;) such that X_,, + T € D;. From (5.19), it follows
that
Xeag +T=Ad(7)(Xoag + 2)

where v € L and

(5.20) Xoag+Z € Ad(U)(X_qq)-
We get that

(5.21) Ad(7)(X_ag) = X-aq
and

(5.22) Ad(Y)(Z)=T.

The condition (5.21) means that

(5.23) 1€Q3={9€ Q21 Ad(9) X0,y = X 0,0}

By (5.22), Z is nilpotent and, by (5.20), Z € Lie(Us). By (5.23), T = Ad(y)(Z) €
Lie(U,). Since T € Lie(U;), we get T = 0. The proof of Proposition 5.3 is
complete. [ |

In the next theorem, we prove an invariance property of the Fourier coefficients

G'C/’;Y. This is another aspect of the smallness and rigidity of 6. By Theorem 5.2,

. . Yx_g
it is enough to consider 6, “?. Denote

R=EU.
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(E? is defined in the proof of Theorem 5.2. Note that E = Q5.) R is almost the
full stabilizer of ¥ X_ag N Q (a one-dimensional torus is “missing”). Thus, we
have

fP¥-ea(rg) = f**-=a(g), Vre R(F)

for any automorphic form on Q(A). The automorphic form of 5 satisfies the

following very strong property.

THEOREM 5.4: For all f € 6,

(5.24) fP¥-=a (rg) = f**~=a(g), Vr € R(A).

Proof: We show that the Fourier expansion of f ¥X-ag along U;, ¢ > 2, contains
only the constant term, and we do it step by step. Consider the Fourier expan-
sion of fwx“’o along U;. The characters of Uy(F)\Uz(A), which appear in the
expansion, have the form

Yr(expV) =¢(B(V,T)),  V € Lie(Uz)a,

where T € Lie(sz) p- The corresponding Fourier coefficient of fwx‘“Q is a
Fourier coefficient of f along the group U;U; with respect to the character

VX _ag+1(expV) = $(B(V, X _aq +T)),  V € Lie(U1)a @ Lie(Us)a.

Denote this Fourier coefficient by fwx“’Q *T. We will use [MW] as in Theorem
5.2 to show that f¢x‘°Q+T = 0, unless 7' = 0. Indeed, fix a finite place v and
regard fd)x“’Q”(I ) as a linear functional on f;,. Denote this functional by
ég?, L We have

(5.25) £2), (66, (w)€) = ¥x_, +7 (w5 (€)

for u € (U1Uz)a, € € Ve, - 8(7?’ L defines a degenerate Whittaker model for 0, .
This model is relative to (X_a, + T, ¢), where ¢ is the one-parameter subgroup

(5.26) p(a) = Pa,(2) (a)()oa,(l) (a).

By (5.5), we have for a root vy = Y A 7a - @,

(5.27) Adg(a)X, = a™0 (e o) x|
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Recall our notation
g ={X €g, | Adp(a)X =a'X}.

Then by (5.27) X—ag T T € gu,—m¢, and moreover,

(5.28) P v = Lie(Uy)r, @ Lie(U2)5,.
i>mg
(5.29) @D 5. =Lie(Th),, &Lie(Ta),;
is—m(;

9. is the sum of the spaces g, ¢ and those of (5.28) and (5.29). Thus, as in (5.9),
we have
Nf=N =N!= (Ule)F .

(The case Eg, is treated exactly as in Theorem 5.2, i.e. the main result of [MW)
applies in this case exactly in the same way.) We conclude that

X_aq +T € Ad(G,)(X5)

if ég?’ 3, is nonzero. By Proposition 5.3, it follows that T = 0. Assume, by induc-

tion, that for all 2 < j <i—1and all T € Lie(T;) ,,

Yx_ i YX_ o _
Pt (g) = / F4% =20 (ug)pr (w)du
U, (F)\U;(A)

is identically zero, unless T' = 0. (¢ (expV) = ¢(B(V,T)) for V € Lie(U;)a.) We
prove that f¢x‘“Q+T“ =0forall T € Lie(U;) , unless T = 0. Let T € Lie(U;) ..
Fix a finite place v, and, again, consider fu)x“’Q”” (I) as a linear functional ng?y
on fg, . It satisfies

£, (06, () =98 ()

for u € (U1U2 C e Ui)F., and § € Vpg, . wgaQJrT is the character of
(U1U2 ""'Ui)F,,
© rorr(ExDVi - expVi) = §(B(Vh, Xoag)JW(B(Vi, T)),

for V; € Lie(Uj)p,; 1 < j <1 Zg’)u defines a degenerate Whittaker model for
Qq,, relative to (X_aQ + T, go), where ¢ is the one-parameter subgroup

(p(a) = <p0<a(1)(a) *Pas(2) (a) Ceeet Pagy (a)
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By (5.5), we have for a root vy = D aca o O

Adp(a)X, =a™° (""m)+"°a<2>+'“+”%<z>)X«,.

Thus, X_o, + T € gu,~me and also

(5.30) @D 5.5 = PLie() .,
j=1

j2mg

(5.31) @D s.i=PLie(U)),;
i=1

j<~-mg

g, is the sum of g, o and the spaces in (5.30) and (5.31). Asin (5.9), we conclude
that

N:’.—.N{/:N{/’:(U1U2'...'Ui)FV

and that
X ag+T€Ad (G,,) (X,g).

By Proposition 5.3, this implies that T = 0. We have shown that fu)x“’O is left
invariant under the adele points of the standard maximal unipotent subgroup of
G. Now the theorem follows, using (5.23). [ |

6. On the theta representation of SO,,,

In this section, we prove the uniqueness (multiplicity one) of the automorphic
theta representation of SO,,,. We will abbreviate and write 8,, instead of f50,,, -
As a result, we will exhibit 6, as a family of residues of degenerate Eisenstein
series induced on the parabolic subgroup of SO,,,, which preserves an isotropic
line.

THEOREM 6.1: Let m be an irreducible automorphic representation of SOs,(A)
(which acts on the space V). Assume that 7 is isomorphic to 8,,. Then © = 0,,
(16 Vﬂ- = Vem).

Proof: Since 7 is isomorphic to 6,,, the proof of Theorem 5.2 applies to 7 as well.
(All we needed there was that there is a (finite) place v such that 7, ~ 6,,,.)
Thus, in the Fourier expansion of = along U,, = U(SOa,), the only characters
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which appear there are ¥y, where Y =0 or Y € Ad (L{SOanm)F) (X_QQ(SOM)).

Let us rewrite this in matrix notation,

1
Y e Ad ( ¥ ) (X-p.)s 7 €S02m_z(F),
1

and

1 T * 1 z *
Yy Im—2 2 | =9, Ima 2" } =9 ((z-79)1).
1 1

Here, for y € A?™2, (y); (or sometimes y;) denotes the i-th coordinate of y. As
in (5.13), the Fourier expansion of f € 7 is

(6.1) fg)=f'(a9)+ > * ().

YE€Q, _, (F)\SO2m—2(F)

Here ¥ = (1 y ), Q% _, is the stabilizer in SOgm—o of B, (Q%,_; is the
: 1

stabilizer in SOs,,_o of : under the natural left action of SOs,,_2 on the
0

2(m—1) dimensional space). Note that Qm—1 = Q(SO2m—2) = ha,,_, (F*)QL _;.

¢ in (6.1) is short for ¢¥x_, . By Theorem 5.4, f¥ satisfies the following
invariance property

(6.2) fr(rg) = f¥(9)

1
for all 7 € Ry, where R = Q% _1Un, (Q2_; = { ¥ [v€Q%_1}). Let
1
T: ™ — 0, be an isomorphism. We will show below (in Theorem 6.2) that for

a place v the space of linear functionals on 6, ,, such that

(6.3) (Bm, (r)€) = D (r)(6),

is one dimensional. In (6.3), r € R, and v, (r) is defined as Vx_p, w00 Un,

0

and is extended trivially to @m—l,u‘

If v is archimedean, ¢ is assumed to be
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continuous in the C*™-topology. As a result, we conclude that there is a nonzero

complex number ¢, such that

(6.4) (T(£))"(9) = cf*(g)
for all f € 7 and g € SO3,,(A). By (6.1) and (6.4),
(6.5) T(f) - cf = (T(f) = ef)"™.

UT #c-id, then V' = {T(f)—cf | f € 7} defines an automorphic representation
of SO2,,(A), which is isomorphic to 6,,. The elements of V' satisfy, by (6.5),
¢ = ¢Un. As in the end of the proof of Theorem 5.2. it follows (using the Howe—
Moore theorem) that £ = 0. Thus T = c¢-id and so 7 = 6,,. |

The main ingredient of the proof of Theorem 6.1 is then the uniqueness, up to

scalar multiples, of the functionals (6.3) at every place v.

THEOREM 6.2: Let v be a place of F. Then the space of linear functionals
on 8,,,, which satisfy (6.3), and continuous in the C*-topology, in case v is

archimedean, is one dimensional.

Proof: Since 6., , is a quotient of I, , = Indii’:"(p") 6sm+%,sm = {—"m"—_?'? (P =
P(SOz2.,)), it is enough to show the same uniq‘ueness statement on I,, ,. This
will be shown using Bruhat theory. We will do the archimedean case only. The
finite case is similar and is much simpler. We omit reference to v in the course

of this proof. Put I,,(s) = Ind3>*" 6;:% and consider
Homp(Inm(s), ) ~ Bilg (In(s), ™) = Bilso,,, (Im(s).Indg ™ ¢7%).

Bilg denotes G-equivariant continuous bilinear forms, Indy denotes compact
(mod R) induction. The last isomorphism is by Frobenius reciprocity. Note
that R is unimodular. By Bruhat theory [W, Theorem 5.3.2.3],

dim (Bilp,, (In(s),Indg " ¥7)) <

S 3 dm (Bl oo (G267 0% 07 0 (65,)7)
YEP A\Dm/R k=0
Denote each summand by i, k(s). Here (65,,)"(b) = 65 (yby~1), for b €
¥~1PnYNR; 6., is the modular factor for the group v 1P 4NR; A}rf x is the dual
of Ay = Sym*(A. 1), where A, 1 is the coadjoint action of y~'P,yN R on
_ Lie(SOQm)c .
"~ Lie(R)c + Ad(y~1)Lie(Py)c’

B,
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A, =1. P\SOgx /R consists of four elements. We pick the following represen-
tatives: I, wq, wo, wowg, where

1
0. e 1
P Ies :
w6 =W, WB, gt W W WE, 0 WG, 01 >

10 :
Im_s :

) N 0 1
0 i 1
i S :
Wy =W, WH,,,_, * - W W Way *+..° W3, = 01
10 :
Im_s
1 o 0

Fory=1orvy=w), v 'PnyN R D Up,. We have
v
v e (6f°m)7|um = wlun and (511’{.,2) My, =1

Now since A,  is algebraic, A%,CIU is unipotent and so has no nontrivial eigen-
values (on U,,). We conclude that i, x(s) = O for all k¥ and s. Similarly, for
v = wowy, we have
1 v
Yy PayNROV ={ Im_2 }-

1—v
1

Since w‘v is nontrivial, we get, exactly as in the previous two cases, that i, x(s) =
0 for all k and s. Let v = wy. We have

1o}~ 0y- Ymoa| O ©
1 R * y':n—l
h * * 9!
wy ' Pawo N R = {a(h, Y, *) = . 01 }
0 h* *
1 0
1
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hin a(h,y,*) is in GLy—g and y = (y1,...,Ym-1); w is the matrix
Im-—l
0 1
1 0
Im—l
and for a matrix b, b* = w~lbw. We have
(65,.)" (a(h,y, %)) = | det B| D2,
Spt(a(h,y, %)) = |det 2™,
1.

d’,wg‘P,,.wonR =

Thus, we consider, using a loose notation,

(6.6) Bil, -1 p, o (|det A1, | det b3 AY, ).

wo,k

The quotient B, is isomorphic to

0 0
0 (%1 (%]
{b(v)= P 0 v= ( : ) eF’"‘2}
0 vm-2 0 Um—-2
0 O —VUme_2 '+ —U0
0 0 0 0

so that the action of a(h,0,0) through A, , on b(v) is via v — h*v, and hence,
via Ay, ,, it is through Symk(h*). In particular, the space (6.6) is zero, for all
sand all k£ > 1, ie. iy, k(s) =0, for all s and all £ > 1. For k = 0, the
space (6.6) is nonzero, if and only if (m — 1)s = —§'2—m ie. 8 = s,,. Thus,
Homp{l(s},%) = 0 for all s # s, and for s = s, it is of dimension at most
one. This dimension equals one, since 8,, is a quotient of I,(s,), and we know
that Hompg(6,,,v) has positive dimension (using the global Fourier coefficient f¥

in (6.1)). This concludes the proof of Theorem 6.2. 1

Remark 1: One can show directly that Hompg (I (Sm), %) is one dimensional, by
constructing the following linear functional. Define, for £,, a holomorphic section
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in I,(s),
A€)) = [ ety W
U,
1 y 0 0,\
o _ I 0 0 —
U - {u(y)* ! Im—l yl yEF 1},
1
Y(u(y) =9(n), fory=(y,...,¥m-1)
We have

A(&s)(ug) = ¥(u)A(L:)(9)

for u in the unipotent radical of R, and

1 W
1
h x —1)s m—3
Al&) (0 h*) g | =1 det A" DT A(E) (g).
1
1
: — (m—1)sm+272 _ m—3 _ h
In particular, for s = s, | det h| mt75 = |det Al =bp, _, 0 Kt )
I
ie. A(&,) g € Im—2(1), and this representation has the trivial

I
representation (of D,,.2) as a quotient. Composing A with this quotient yields

an element of Hompg(ln(8m),¥). All this is of course formal, but it can be

justified by writing

(67)  A()(g) = / Mg, s, © Mg, () (w5, 2., (1)) (w)dy:

M., denotes an intertwining integral. The poles of IMwB2 are contained in those of
Cr, (2(m—1)s+m—2), and so My, is holomorphic at s = spm; Mwﬁ3 R
is holomorphic at s,, as well. This can be seen using Rallis’ Lemma as in Lemma
2.6. Finally, the integral (6.7) is a GLy-Whittaker type integral and it is known
to be holomorphic. |

Remark 2: Theorem 6.2 holds, with the same proof, for a group of type D,,.
The arguments prior to Theorem 6.2 are general, and so Theorem 6.1 holds for
a group of type D,, as well. |
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We return to the global situation. Consider the induced representation J,,(s) =

IndQ"‘Ei 62;2. Denote E(tl,...,tm) = diag(tl,...,tm,t;ll,...,tl_l). Then

6., (h(tl,...,tm)) = |t;]*™~2. Let f(g,s) be a holomorphic section in J,,(s)
and
EQm(g,f,l‘)Z Z f(’Yg,S)
YEQm (FI\SO2m (F)

the corresponding Eisenstein series. As explained in Section 2, the normalizing
factor is Ls(Dym, @, $) = (s((2m — 2)s + 1)¢s((2m — 2)s +m — 1) where S is a
finite set of places, containing those at infinity, and outside which f is unramified.
Let Ef (g, f,8) = Ls(Dm,Qm,8)Eq,.(g, f, s), the normalized Eisenstein series.
As in Theorem 2.3, we have

PROPOSITION 6.3: For n > 4, Eém(g,f,s) has at most a simple pole at the

point s, = ﬁ’ and it is obtained for some choice of section f.
Proof:  As in the proof of Theorem 2.3, since Q,,\SOg,,/Q., has three
a
representatives {I,wg, ,wg}, we have, for g = h € SOz, (A), a €
-1
a
Ax,
By f)= [ Eaulus sl
Un (F)\Um (A)
(6.8) =[a| =22 £(1, 5)

+ lalEq,._, ( wﬁm( s)f,h, ;5)

+ |a|(2m_2)(‘s+f)Mwo(S)f(1)~

In the second term of (6.8), we restrict My, (s)f to SOgn_2(A);
(S)f‘D a) € JIm- 1(2=}s). We have

LS(DTQO*,s)EQm—l(M ()f’ ! ;)
:L5<Dm—17Qm—1’z:;8)
(6.9)
(s((2m = 2)s + m~1) m—1
XEQ’"—‘( s((2m —2)s +m — )Mwﬁm(S)f’h’mS)

=B (Awﬁm (s)f, h, m—_;-s)
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Here, we use the notations of Section 2. We also have
(6.10)
Ls(Dm, Qm, 5) Mo (s)f = (s((2m — 2)s)¢s((2m = 2)s — m + 2)) Ay, (s)
=¢((2m - 2)s)¢((2m - 2)s —m + 1A (s)f.

Here A5, (5)f = Tles (G((2m — 2)9)6(2m — 2)s — m + 2)" Ay, (5)7.
Multiplying (6.8) by the normalizing factor, and using (6.9), (6.10). we get, for

(E5,)"™ (£,9.8) =lal®™ =D+ Lg(Dpn, Qs 5)1(1,5)
+1alEg,  (Aug, (fh, 2—5)

+ |G R ((2m - 2)s)
X C((2m — 2)s = m + 2) A%, () (1).

(6.11)

We will soon show that A, (s)and A7, (s) are holomorphic at s = s;,,. Consider
the case m = 4. Using the triviality of D4, we can write

Eq,(1, f,8) = Epsog)(1, f7+ )

where f7 € Ind?,?(sgf) 6;,?1/2; f7(g) = f(¢") and 7 is an outer automorphism
(coming from triviality), which takes 84 to B2, B2 to 81, 51 to B4 and fixes 5.
Note that sj = } = s(Dy). By Theorem 2.3 for this case (or rather [KR1]) E},
has a simple pole at si. By induction, it follows from (6.11) that E& has at
most a simple pole at s;,, for m > 4. (Note that 2=1s! = s/ _,.) Substitute
f= fém), the everywhere normalized unramified vector. Then (6.11) reads

% \Um m— 1
(EQn) (gaans) :Iai@ 2)(s+;)L¢(D‘mv Qmas)
N - m-1
+lalBy, (57, n L)
+ |a| =2+ 1) 5((2m — 2)s)

{((2m-2)s —m +2).

(6.12)

The first term in (6.12) is holomorphic, the third term has a simple pole at
8 = 8,,, and the second term has also a simple pole at s/, (by induction). The
residues of the second term and the third term do not cancel due to their different
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exponents in a. Finally, as in the proofs of Lemmas 2.4-2.6, it is enough to prove
the holomorphicity of M, . (s)f, at s, at a place v (w = wg,,, wg). Forw = wg,_,
the poles of M., ,(s)f, are contained in those of C,,((—p +(s+ %)2me,ﬂm>) =
¢.((2m — 2)s + m — 2), which is holomorphic at s/,. As for w = wq, recall that

wo ,,( 8)fo = (G ((2m ~ 2)5)¢.((2m — 2)s — m + 1))—1Mwo,u(3)fu~

The factor {,((2m — 2)s) may be ignored, since it contributes (,(1) at s = s/,,.
Write

My o(s) = M,

Wy Wy e Wy I vo ngl wo Mw53,u o Mwﬂ4,u O...r Mwﬁm,u-
The poles of []; .4 Mu,,,» are contained in those of H;’f___(f G ((2m - 2)s + ),

which is holomorphic at s,,. Put w’ = wg,wg, + ... ws,,. Then

0 Im—l
1 0

wl = w =
1| |
Im—l 0 Im—l
Thus w’ € P(SO3,)* = PY = M(SO3n)Y - V(Dm)* = My, - Ve, Put ¢ =
Mwﬁl,u'M 'Mw (f) and consider (pIM";’l Let 553 = (wlM;’l)w and iden-

wgg,L

w
Im—l

- O
O
SN’

B, v

0 ¢
Py—1,1 is the (m — 1,1) type parabolic subgroup of GL,,. Thus, we have to

tify My, with GLy,. Then &, € Indgm (™) ( (“ *) — | detal |t|-(2m—2>s).

consider the poles of

(6.13) /Cp's((? I"b”) ((1) Ij_l))dz=/<p's(Imz"1 ?)dz.

Here ¢,(g) = ¢ ( (I 0 (1)) ). By Rallis’ Lemma (as in Lemma 2.6), we may
m~—1

0 Im—l
1 0
such functions, it is easy to see that the integral (6.12) can be written in the form

(6 14 / / (157} .’L‘ |$l(2m 2)s— m+2dvd*x_/ (I) |x|(2m 2)s— m+2d*
F* Fm -2

where ¢ € S(F,*"%? x F,) and ®(z me 2 ¢(v, z)dv. Thus, the integral (6.14)

is controlled (as far as poles are concerned) by ¢.((2m — 2)s — m 4 2) as we

assume that ¢! is supported in the open cell Pp,,_1; ( > P,_11. For

wanted. Proposition 6.3 is now proved. ]

Denote by 6,,, the space of residues at s/, of Ep, . From (6.11), we get
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COROLLARY 6.4: We have

~ U -~
(6.15) )" b,y © 1O

and h(a) = h(a,1,...,1) acts on 1 by |a|™ 2 and on 6pm_; by |a.

Since 6, is concentrated along the Borel subgroup, it follows from Corollary
6.4 that §m has the same exponents as those of 6,, and, by Proposition 3.1, we

conclude
COROLLARY 6.5: 6,, consists of square integrable automorphic forms.

Remark: The analogs of Proposition 6.3, Corollary 6.4 and Corollary 6.5 are
clear for groups of type D,,. See Remark 2.7.

Write 6,,, = D, 5,(,,2 ) as a direct sum of irreducible, automorphic representations
8 ~ X, 6.0, Clearly grsf),, is a quotient of Jy, ,(s),) for each ¢ (and each v).
By the results of [S], for finite v, and of [HT], for v archimedean, it follows that

Jm v (5,,) has a unique quotient and it is unramified. Thus
COROLLARY 6.6: §m is irreducible.

PROPCSITION 6.7: For all places v,

em,u ~ em,u-

Proof: We construct an intertwining operator from I, ,(sm)) t0 Jm . (sh,).
Let fs; be a holomorphic section in Ip,(s). Then, for ¢ € SOzm_2,., ¢(g) =

1
foom g lies in J,,_1(3), which has the trivial representation of SO2m—_2,,
1
as a quotient. Let T be a SOgp,_3,,-invariant linear form on I,_;(1) and con-
t x *
sider A'(f,,.) = T(p). Since f, I x| =|t|m=DE+2) £, (Io,,), it follows
t_l

that A’ induces (by considering g — A(g- fs..) on SO2r,.,) an intertwining map
A I, (sm) — Jm(—s,). Clearly, A is nontrivial on the unramified vector of
In(sm), which is cyclic for I, (sm). Thus the image of A is unramified. By the
results of [S] for v finite and of [HT], for v archimedean, J,,,(—s!,) has a unique
irreducible subrepresentation, and it is unramified. This representation is §m,,,.

Thus 0~m‘,, is a quotient of I, , (sm) and hence gm,,, ~ O |

From Theorem 6.1, we conclude
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THEOREM 6.8:
0 = {Ress—er Eq,. (f.9.5)|f(-.s) holomorphic section in J,,(s)}.

Remark: Consider the analogous automorphic representation 5,s,f of Spin(A),
obtained by the residues of Eg,. at sr, (analogous Eisenstein series on Spin(A)).
As in Remark 2.7, Eqg:c(9,7"(¢s)) = Eq,, (i(g). ¢s), for a secton ¢, in gm(s).
By Theoreimn 6.8 and the discussion prior to Theorem 4.3, §m is irreducible over
i(Spin(A)). This implies that Span{g — Res.—.; Eg (i(g),¢s)} affords an
irreducible representation of Spin(A). Hence 8¢ is irreducible and equals 6;¢. As
we have seen before, we conclude that for a group G of type D,,, if we construct
the analogous representation 5(; by the residues of Eé(G) at ], then 0~G equals
8¢ as automorphic representations.

Finally, let us relate Res;=s; Eq,.(f.9; s) to the 6-1ift of the trivial represen-
tation of SLy(A) to SOg,, (A) (via the dual pair SOz, % SLy inside Sp,,,). This is
explained in [KR2], where (in this special case) they consider the Weil representa-
tion wfl,m) of §f)2m (A) (rank 2m) and restrict it to the dual pair SOy, (A) x SLo(A)
(¥ is a nontrivial character of F\A). wl(/,m) acts on S(A?™), and SOy, (A) acts
on S(A?™), through wé,’"), by the natural linear action. Let ¢ € S(A)*™) and

consider the theta series

0 (g, 9) = 3 wi™(g.h)g(x), g€ SO2m(A), h € SLa(A).
I€F2m

Let
Ehs)= Y. eIt

YEBF\SL2(F)

where, for h € SLy(A),

= (7 )50

is the Iwasawa decomposition. B is the Borel subgroup of SLy. E(h,s) is the
unramified Eisenstein series on SLo(A) (given by the convergent series for Re(s) >

1 and by its meromorphic continuation of Re(s) < 1). Consider

616) 15,070,000 = [ 6070 mel" 0 LA E R )
SLa (F)\SLz(A)
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where Q= Q,, —m?+2m and Q,,, = H?> - 2H +4X, X_ is the Casimir element
for SLs at one fixed archimedean place (with the usual notation). It is proved
in [KR2, Prop. 5.3.1] that h — Og")(g,h;wlp(l,ﬂin)qb) is rapidly decreasing
on SLy(F)\SL2(A). Moreover, the function (6.16) (divided by s — (m — 12))
is equal to an Eisenstein series of the form Eg_ (f,g, ﬁ) (f depends on @)
[KR2, 5.5.23]. Taking residue at s = 1, we get, using Theorem 6.8,

THEOREM 6.9:
Om = { / 6™ (g, by w(™ (1, )0)dh | ¢ € S(A™™)}.
SLa(F)\SLz(A)

Remark: Let i: Spin — SOs,, be the central isogeny. From Theorem 6.9, it
follows that

(617) 0= {4 / 0 (i(g), hewl™ (1. Q)8)dn | 6 € S(A7™) .

SL2(F)\SL2(A)
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